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1 Introduction

The term distress puzzle refers to the well-established asset pricing phenomenon that stocks
with high measures of distress earn anomalously low returns. This would be of little surprise
if their low returns could be explained by some risk measures. It turns out however, that
portfolios formed of distressed stocks co-move with the aggregate market more than portfolios
of healthy firms, so that the anomaly is indeed a puzzle from the point of view of the
traditional CAPM.!

The problem can be re-stated in the following way: if aggregate default risk is feared by
market participants and hard to diversify away, stocks with high default probabilities or other
measures of distress should earn positive abnormal returns, and a factor constructed on the
basis of the difference between returns of the most and the least distressed portfolios of firms
should bear a positive price of risk. Instead, it has been documented that the opposite holds,
and the market price of distress risk has a puzzling negative sign. If anything, distressed
stocks are perceived safer or the risk-return paradigm is violated.

In this paper, I show that the anomaly can be at least partly understood within a
consumption-based asset pricing framework that features (1) persistent components in ex-
pected consumption growth, as in the long-run risks framework of Bansal and Yaron [2004],
(2) a representative agent with Epstein-Zin [1989] utility, and (3) a natural cointegrating
relation between the levels of aggregate consumption and dividends.? In other words, I show
that the long-run risks model with the above features replicates the failure of the CAPM at
the short end of maturity spectrum of equity, which is necessary and sufficient to explain
the distress puzzle within the long-run risks paradigm.

Intuitively, distressed firms have short expected maturities of cash-flows, so that their

prices do not respond strongly to innovations in highly persistent conditional moments of

IDistressed portfolios also have high loadings in the Fama-French [1996] three-factor model, which makes
the puzzle even more difficult to explain.

2The model of Bansal and Yaron [2004] features two types of long-run risk factors — persistent conditional
mean and volatility of consumption growth. Both are present in my model, although the role of volatility is
of smaller importance.



consumption growth, which is exactly what makes them safer from the point of view of the
representative agent. On the other hand, the existence of cointegration between consumption
and dividends assures that the covariation of long-maturity asset returns with the dividend
growth is low, because all dividend surprises above realized consumption growth are expected
to be brought down to zero in the long run. The latter effect results in lower betas for the
long-maturity assets. The assumption of cointegration is very natural, because it guarantees
that the ratio of dividends to consumption is stationary, or that consumption and dividends
do not dominate each other in the long run.

In my model, market betas are thus determined by two offsetting effects, that work
with different strength at different maturities. The first effect makes the betas increase
with maturity, because of the existence of long-run risks. On the other hand, the betas are
decreasing with maturity, if cointegration is present in the model. In my calibration, market
beta is higher for those stocks, that have their payouts shifted towards the present, including
the distressed ones. [ find, that this effect can be obtained even if the deviations from
cointegration are very persistent. Moreover, inclusion of cointegration does not essentially
damage the ability of the model to match the standard set of asset pricing moments.

The model is calibrated to match the means, volatilities and first-order autocorrelations
of consumption and dividend growth rates, the equity premium, the risk-free rate and the
price-dividend ratio. My calibration is close to Bansal and Yaron [2004] and to Bansal, Kiku
and Yaron [2007] in terms of the choice of model parameters. The exception is cointegration,
not parametrized in their papers.

To directly test the ability of the calibrated model to explain the distress puzzle, I employ
a simple intensity-based framework, in which firms are indexed by probabilities of default per
year. | construct ten hypothetical groups of firms with increasing average default likelihoods,
which follows Campbell, Hilscher and Szilagyi [2008], who document the puzzle using such a
sort (see below). My model reproduces the anomaly quite well. It produces the annualized

difference of returns between the most and the least distressed groups of about three percent-



age points, which is not accounted for by the difference in CAPM betas. Unfortunately, the
calibration is not able to match the magnitude of the puzzle in the data. One can conclude
that the long-run risks framework adopted here provides only partial understanding of the
puzzle, if taken literally.?

The distress anomaly is a well-documented phenomenon. In a seminal paper, Dichev
[1998] constructs a distress factor based on models of bankruptcy prediction of Altman
[1968] and Ohlson [1980], showing that high bankruptcy risk is not rewarded by high returns.
Moreover, in his post-1980 subsample, the relation is significantly negative.* In a more recent
study, Campbell, Hilscher and Szilagyi [2008] perform a similar analysis, sorting firms into
groups according to fitted default probabilities from a probit regression model. The results
are even more dramatic. The most distressed group earns an average annual return of minus
16%.°> Qualitatively similar results are reported by Griffin and Lemmon [2002], Garlappi,
Shu and Yan [2006], and Breig and Elsas [2007]. The latter study the anomaly in a sample
of German firms.°

My study fits into the growing literature that attempts to explain the distress anomaly
theoretically. Griffin and Lemmon [2002] relate it to indicators of informational asymmetry.
Campbell et al. [2008] consider two explanations: markets may be irrational or inefficient.
Garlappi et al. [2006] consider the possibility that equity holders possess an American
option to a fixed portion of firm assets which is exercised at bankruptcy, resulting in the
violation of absolute priority of the debt claim. George and Hwang [2009] use a model with
market frictions to show that when financial distress is costly and firms make optimal capital
structure decisions, low leverage firms will be endogenously exposed to high systematic risk.

A different explanation is proposed by Von Kalckreuth [2006], who argues that the incen-

3Economic models are usually over-simplified, which makes it difficult to interpret their imperfect quan-
titative predictions as signs of fundamental mis-specification.

4This result holds despite positive correlation of default likelihood with size and book-to-market ratio.
Fama and French [1992] conjectured that the book-to-market effect is due to distress risk. The paper of
Dichev contradicts this intuition.

5These results are robust to the survivorship bias, which works in the opposite direction.

SInterestingly, Altman [1963] reports anomalously low returns for distressed corporate bonds.
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tives to withdraw resources from firms as private benefits are larger for distressed companies.
These benefits are included in the price of equity before they are extracted. This amounts
to re-defining dividends to include the private benefits, and the true returns are then much
higher than returns that are measured.”

In an independent study, Avramov, Cederburg and Hore [2010] use a continuous time
version of the long-run risks model in an attempt to explain three anomalies, including the
distress puzzle.® They argue as well, that distressed firms have low-duration cash flows, which
makes them less prone to the changes in the long-run expected economic growth. However,
their model does not imply that distressed firms have higher CAPM beta, which makes the
explanation incomplete. In their model, firms are distinguished from each other by the shares
in the aggregate dividend, which always sum to one and follow a multivariate process similar
to the one in Menzly, Santos and Veronesi [2004]. The shares also determine, which firms
are of lower duration (distressed). Since the shares are conditionally uncorrelated to the
aggregate dividend growth, the latter affects all firms in exactly the same way, persistently
scaling the expected path of future dividends, irrespectively of duration. The betas of all
firms with respect to the current dividend growth are thus all the same, while long duration
firms still have higher betas with respect to the long-run risk shocks, so that taken together,
healthy firms have higher betas. In my model, cointegration makes the prices of long-
maturity equity less responsive to the aggregate dividend growth, which offsets the effect of
higher exposure to the long-run risks. The cointegration seems to be necessary to generate
higher CAPM betas for distressed equity.

My work is related to the vast literature on the role of long-run risks in asset pricing.
Important examples are Bansal and Yaron [2004], Hansen, Heaton and Li [2008], Bansal
and Shaliastovich [2009], and Bhamra, Kuehn and Strebulaev [2010]. The latter paper is an

interesting application of the long-run risks paradigm to corporate finance.

I consider this explanation as complementary to mine.

8The other two puzzles refer to the negative relations between returns and idiosyncratic volatility, found
by Ang, Hodrick, Xing and Zhang [2006, 2009], and between returns and dispersion in earnings forecasts,
reported by Diether, Malloy and Scherbina [2002].



I also rely on the literature that studies the term structure of equity. The papers close
to mine in terms of modeling approach are Drechsler [2006], and Lettau and Wachter [2007,
2010]. Drechsler [2006] considers the term structure of equity in a long-run risks model,
focusing on long maturity equity claims, and concludes that the traditional CAPM performs
quite well for them. My work focuses on shorter maturities, and explains how the CAPM can
fail in the presence of cointegration. Lettau and Wachter [2007, 2010] provide a duration-

based explanation of the value premium, not focusing on distressed stocks.

2 The long-run risks model

The exposition of the long-run risks model in this section is standard, and similar to the one
in Bansal and Yaron [2004] or Beeler and Campbell [2009]. I start with the description of
the representative consumer’s utility function and the equilibrium stochastic discount factor.
Then, I characterize the price-consumption ratio for the aggregate consumption claim and the
price-dividend ratio for the aggregate market.® The two ratios are central to the derivation
of asset pricing relations. Next, I show how to decompose the market price-dividend ratio to
account for differences in payout horizons of single equity strips, that is, I solve for the prices
of aggregate dividends paid at fixed time horizons. Finally, I solve for the excess returns and

market betas.

2.1 The stochastic discount factor

A representative agent maximizes her lifetime utility, given by the recursive formulation,

[
1—~

V= [0-06" o (B VDT

9The price-consumption ratio can also be referred to as wealth-consumption ratio, since the price in the
numerator is the risk-adjusted discounted stream of future consumption.



where 0 < & < 1 is the subjective time-discount factor, C; is consumption at time t, =y
is the coefficient of relative risk aversion (RRA), and 6 is defined as (1 — v)/(1 — 1/v),
where 1) is the elasticity of intertemporal substitution (EIS). V; depends on future values of
expected utility recursively. The term (Et [thﬂ)l/e is the certainty equivalent at time t of
the random utility at ¢ + 1 which depends on the agent’s aversion towards atemporal risk.
The certainty equivalent is combined with time-t consumption through the time aggregator,

a CES function with elasticity of substitution given by the EIS.

It is assumed that the wealth of the agent evolves according to the budget constraint
WtJrl - (Wt - Ct)Rc,tJrl?

where W; is her wealth and R.;; is the return on the claim to aggregate consumption.
Since consumption and aggregate dividend are modeled as separate processes (as will be
seen below), it has to be implicitly assumed that the wealth has a component that is the
difference between the value of aggregate consumption and aggregate dividend. It is also
assumed that the risk-free asset is in zero supply so that all wealth that is not consumed
must be invested in the risky asset that earns return R.;y;.

The consumption process is given exogenously (see below). The equilibrium marginal

rate of substitution between date ¢ and ¢ + 1 can be shown to be'!
Mypy = 8°(Cria JC) PRI,

Since the model turns out to have a convenient log-normal structure, it is more practical to

10This form of utility, proposed by Epstein and Zin [1989], is designed to make a distinction between
coeflicients of risk aversion and elasticity of intertemporal substitution, which is helpful in resolving the
equity premium puzzle. For a very nice exposition on this and other forms of non-standard utility functions
and their applications in economics, see Backus, Routledge and Zin [2004].

HFor the derivation, see Cochrane [2008], the appendix.



work with the logarithm of M;,;. I define m;; = log(M;1),
0
mt+1 = 910g(5) — EACt_i_l + (0 — ]_)7“07,5_;'_1, (].)

where 7.1 = log(Re+1) and Acyyq is a logarithmic growth rate of aggregate consumption.
I will refer to my;1 as log stochastic discount factor (log SDF). Every asset with generic
logarithmic (continuously compounded) return rf,; must satisfy the standard no-arbitrage
condition,

Bylemtrina] = 1. (2)

Although the recursive formulation of Epstein-Zin utility does not show up in equation (1),
it is there implicitly, because of the term 7.;+1. The representative consumer defines ”good
times” not only in terms of the strength of consumption growth one period ahead, but
also through the return on her wealth. This opens up a channel for non-zero price of risk
associated with any shock that is orthogonal to current consumption growth, but affects
future consumption growth or its riskiness. All such shocks are reflected in the innovations
to rer1. Note also, that when v = 1/¢, then § = 1 and 7.1 is not present in the log
SDF formula anymore. In this case, the Epstein-Zin utility function reduces to the standard

power utility.



2.2 Aggregate consumption and dividends

Define Ac; 1 and Ad;,; as logarithmic growth rates of, respectively, aggregate consumption

and dividend. They are assumed to have the following dynamics

Acir1 = e+ Vey + Geyr + oiMes
Adiy1 = pa+ Yax, + Gayr + ot

Tir1 = PT¢+ Prp01€11

Yt dy — ¢ (3)

Yerr = (pa— pre) + (Wqg — ez + (1 + ¢g — de)yr + 01(@urp1 — Ney1)

2 2 2
o1 = (1—v)o* +vo; + opwi

corr(n,u) = «; ¢q<0< ¢,

If consumption growth were i.i.d., then the returns on the wealth portfolio r.y1 in (1)
would be perfectly correlated with innovations to consumption growth. The log SDF would
trivialize and attach non-zero price of risk only to current consumption shocks. In the above
formulations, this is not true because there are three state variables whose innovations poten-
tially affect the return on the wealth portfolio without directly affecting current consumption
growth.

The variable x; has the interpretation of a small but persistent component in the growth
rates of consumption and dividends. Similarly, o2 is proportional to conditional variances of

innovations to all variables other than itself.!?

Finally, y; is defined as the discrepancy from
a unit cointegrating relation between consumption and dividends.'® The assumption ¢q <

0 < ¢, is necessary to assure stationarity of this discrepancy series, given that cointegration

121t is actually possible to replace the constant o, with a square root of o7 (scaled by a constant). Time-
varying variance would then provide volatility for its own innovation, which would be likely to change the
properties of volatility risk in a potentially interesting way. The solution of the model would require solving
a quadratic equation at the stage of undetermined coefficient method for the price-consumption ratio.

13Unit cointegration means that in the long run all dividends have to be consumed and only dividends
can be consumed. This is not restrictive here, because adding a constant to the cointegrating relation does
not change dynamic properties of y;.



does matter in the model. It also has an economic interpretation — if consumption is far
below dividends, its growth is expected to accelerate. If dividends are above consumption —
their growth will be lower in the future.!4

In the whole system, there are four shocks (1, u, e, w), among which only the first two are
correlated, with coefficient . The constants have rather intuitive interpretations. ug and g,
are the fixed parts of expected consumption and dividend growth rates. 1. and ¢. are the
sensitivities of consumption growth with respect to the state variables x; and y;. Analogous
interpretation holds for ¢y and ¢4. p and v are the autocorrelation coefficients of x; and o?.
v and ¢, determine the conditional volatilities of the dividend growth Ad,;,; and innovation
to xy, relative to the volatility of consumption growth. o, governs the conditional volatility
of shocks to the variance oy. Parameter values are chosen in the next section to match the
most important moments of consumption and dividend growth rates, as well as those of the
risk-free rate, the market excess return and the price-dividend ratio.

The system of equations (3) is very similar to that studied by Bansal and Yaron [2007]
and Drechsler [2006]. Bansal and Yaron specify the process of the discrepancy from the
cointegrating relation directly, rather than deriving it from consumption and dividend pro-
cesses. They also do not consider a potential feedback from the cointegrating relation on
consumption growth, setting ¢. = 0. Drechsler [2006] assumes a richer correlation structure

between the shocks, which is not necessary for the main point of my paper.

3 The solution

The details on how to solve the model defined by (1) and (3) can be found in Appendix A,
and all propositions referred to in this section can be found there. Here, I only summarize
the the most important results.

Since consumption and dividends are modeled separately, there are two aggregate valu-

ation ratios in the economy, the price-consumption and the price-dividend ratio. They have

14This assumption also eliminates the possibility that ¢4 = ¢., which would imply the unit root in 7.
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convenient log-affine forms in the state variables x;, y;, and o?. The affine property is the
consequence of return log-linearizion borrowed from Campbell and Shiller [1988].

The price-consumption ratio has the form
Zep = Aco + Aciy + Aoy + Ac,?ﬂtg, (4)
and the price-dividend ratio is
2 = Ago + Aq1xy + Ag2yr + Ad,30t2, (5)

where the constants are summarized in Propositions 2, and 5.

The stochastic discount factor is
2
miy1 = —Mo — M1Ty — MYy — M30, — Angtnt—H - AuUtUtH - AaUt5t+1 - Awawwt+1a (6)

where the coeflicients m; and prices of risk A; are given in Proposition 3.
The risk-free rate is

rla =13 +rlw iy +riof, (7)

and the reader is referred to Proposition 4 for the details. The risky return on the market

(dividend claim) is summarized in Proposition 6, and has the following form
m m m m m m m m m
Tev1 =T + T Tt + Ty Yt + Trs 02 — Rn OM+1 — Ru Oty — Ra Oyl — Rw OpWiy1- (8)

The focus of this paper is on the risk-return properties of distressed firms. I will argue
later on in the paper that the measures of distress can be understood in terms of the ex-
pected duration of cash flows,'® it will therefore be important to understand the risk-return

properties of the so-called equity strips.'® They are defined as claims to aggregate dividends

15The same kind of argument is in Avramov, Cederburg and Hore [2010].
16The same term is used in Drechsler [2006], and Binsbergen, Brandt and Koijen [2010].
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paid by the market portfolio at fixed maturities. It is possible to decompose the aggregate

price-dividend ratio into an infinite sum of price-dividend ratios of the equity strips,

The same log-affine functional form that is true for the aggregate P/D ratio is also valid for

individual strips. One conjectures

n

P,
1Og(3tt) = Zon + L10%4 + Loy + Zs,nafy 9)

and the coefficients can be determined by solving a set of Riccati difference equations (23),
stated in Appendix A. Proposition 7 describes the realized returns on individual equity strips,

in terms of underlying shocks
n n n n n__2 n n n n
i1 =T + T Tt + T Yt + T30y — quo_tnt-l-l — RUO'tut+1 — Rs Ot€¢y1 — RwO'w’lUt_H, (10)

where the coefficients r]' describe how conditional expected returns depend on the state

variables, while R} tell us how the unexpected parts of the returns depend on the innovations.

4 Calibration

Following the standard approach in the literature, I calibrate the model to the yearly mo-
ments of the data.!” The parameters are summarized in Table 1, which also shows the cali-
brations of Bansal and Yaron (BY) [2004] and Bansal, Kiku and Yaron (BKY) [2007, 2009],

for comparison. The latter are usually considered as benchmarks for long-run risks literature.

17See Kandel and Stambaugh [1991], Campbell and Cochrane [1999] or Bansal and Yaron [2004].
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4.1 Parameter values

The preference parameters v = 15 and ¥ = 1.5 are the same for all three calibrations. I chose
the time preference parameter 6 = 0.9989, the same as BKY. The parameters governing the
consumption process are identical to those in BY. In particular, I restrict the consumption-
related coefficient on the deviation from the cointegration relation ¢. to be zero, which is
a simplifying assumption and means that in the long run consumption provides a trend
for dividends, and not the other way round.The properties of the persistent component of
consumption growth z; are the same as in BY. p = 979 implies a half life of shocks to x; of
about 2.7 years.

The calibration of the dividend process is slightly different from both BY and BKY,
although closer to the latter. I choose the ’leverage’ parameter at ¢; = 2, which means that
long-run component z; affects expected dividend growth two times stronger than consump-
tion growth.I slightly raise the parameter ¢ that governs conditional volatility of dividend
growth, from 6.5 of BKY to 8.0, and set the correlation coefficient between consumption and
dividend growth to a = 0.5, compared to 0.4 in BKY.

The cointegration relation in my model operates through dividends. I set ¢4 = —0.001,
implying that any deviation from the cointegration is very persistent.!® This makes the
model seemingly similar to the one without cointegration, but as I show below, it is needed
to capture the pattern of asset betas needed for the main result. Intuitively, since the long-
run risk component that produces the positively-sloped pattern of betas is very small, a
small impact of cointegration is enough to undo its effect.

Finally, the set of parameters governing the conditional variance process is identical to
that of BY. In the calibration of BKY, the mean o5 is slightly lower, while its conditional
volatility o, higher. Coupled with a much higher persistence parameter v, these assumptions
imply much higher unconditional variability of o around the (slightly lower) unconditional

mean. As pointed out by Beeler and Campbell [2009], this implies higher probability that

18The autoregressive coefficient of the deviation from the cointegration relation is 0.999.
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the variance process hits zero at some point.! In the calibration of BY (and mine) such
events are virtually absent. Moreover, extreme persistence of consumption volatility implied

by BKY (the half-life of shocks of 58 years) seems to be exaggerated.

4.2 Calibration outcomes

The set of moments to be matched is standard and includes the dynamics of consumption
growth, the dividend growth, the market excess return, the risk-free rate and the price-
dividend ratio. For each of them, I consider the mean and the standard deviation of the
growth rate, and the yearly first-order autocorrelation. Table 2 shows that the model does
a decent job in matching these moments.

The mean consumption growth and its autocorrelation are close to their real-world coun-
terparts. The only exception is consumption growth volatility, which seems to be too high.
Bansal, Kiku and Yaron [2009] argue that the value in the data is within the 95% confidence
interval around their model’s population value, which implies that the latter is not unusual.

The moments of the dividend growth are noticeably different from the empirical coun-
terparts, especially the volatility and autocorrelation seem to be too high. However, the
moments are better fitted to the data if one compares them to those of the earnings. For
the sample between 1930 and 2006, average earnings growth was 2.11%, their volatility
amounted to 16.97% and autocorrelation equaled 0.29. These numbers are much closer to
the model-implied population values.?”

The equity premium, its volatility, and autocorrelation are matched by the model very
well. This is no surprise, given that the model of Bansal and Yaron [2004] was designed to
resolve the equity premium puzzle. The moments of the real interest rate are different than
in the data, but paradoxically this can be considered a strength of the model?! — the high

volatility of the real interest rate in the real world is due to frequent changes in inflation.

9Tn such a case it is replaced with a small positive number.

20The data on dividends and earnings can be downloaded on Robert Shiller’s website,
http://www.econ.yale.edu/ shiller/.

21This point was made by Beeler and Campbell [2009)].
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This also explains the relatively low persistence of the empirical value.
Finally, the model matches the moments of the price-dividend ratio relatively well, better
than the calibrations of BY and BKY. It slightly understates the volatility, but this moment

is known to be difficult to match by the long-run risks models.??

5 The results

5.1 Sensitivity of prices w.r.t. changes in the state variables

I start the overview of the model predictions with an analysis of the impact of the state
variables on stock prices.

Figure 1 shows the price-dividend ratios of the equity strips (9) as a function of maturity
when the state variables z;, y; and o7 are set to their long-run means. The claim with
maturity zero has scaled price of unity (immediate payout), analogous to the price of a zero-
maturity bond (cash). On the other hand, the claim to the aggregate dividend paid 20 years
in the future is worth roughly one-half of the value of the dividend paid with certainty today.
The prices decline in maturity, as the claims with longer maturities have higher duration.

How do the prices of equity strips change when the state variables deviate from their long-
run values? Figure 2 shows the multiplicative effect that the changes in each of the three state
variables by two unconditional standard deviations have on the term structure of P/D ratios.
The solid line shows the price responsiveness to the movements in conditional consumption
growth x;. The changes do not affect very short-maturity claims at all. The largest effect
on prices occurs at maturities of around 180 months (15 years), which is due to the high
persistence of x;. The effect for very long maturities is gradually and very slowly declining,

because higher accumulated dividend growth leads to higher gap between dividends and

228ee Beeler and Campbell [2009]. Bansal and Shaliastovich [2008] made some progress in this respect,
by introducing a third channel for asset price variability — time-varying confidence risk. In their model, the
long run component is unobservable by the representative agent, who only observes a set of signals. The
precision of the signals (the confidence) is time-varying.
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consumption, which works on future expected dividend growth in a direction opposite to the
initial increase in x; (effect of cointegration). The dashed line shows how prices are affected
by the changes in the deviation from the unit cointegrating relation between dividends and
consumption y; = d; —¢;. Because of high volatility of dividends relative to consumption, the
changes in this variable are primarily caused by dividend innovations, so that an increase in
y¢ is mechanically associated with a fall of the P/D ratios for all maturities. In other words,
when y, is high, today’s dividend is high, and dividends in the far future are expected to be
relatively low, resulting in decreased prices for long-maturity claims. Finally, the dotted line
represents the change in prices caused by higher conditional variance of consumption. Its
effect is negative for all maturities, and under my calibration much smaller than the one for
x. This effect dies out for extremely long maturities (not seen in the graph), because even
if the process describing the variance is close to the unit-root, it’s effects on dividends must

die out in the long run in the presence of cointegration.

5.2 The effect of payout horizon on expected returns

Equation (10) can be used to define expected returns on the equity strips,
erf'y, = log(Ey[e't]),

which allows a closed form solution because of the log-linear structure. The expected excess

returns on the strips are then

n o n f
T =€ — Ty (11)

where 7{ 41 is given in (7). I annualize the expected excess returns of all strips across maturity
prior to plotting them in Figure 3. The solid line corresponds to the 'long-run’ situation, in
which all conditioning variables are set to zero. The dashed (dotted) line shows expected
excess returns when the volatility o? is two unconditional standard deviations above (below)

its mean. All three lines peak at maturity around 150 months, where the solid line reaches
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6.18%, the dashed line 9.00% and the dotted line 3.38%. At the shortest maturity of one
month, the three values are much lower: 2.92%, 4.29%, and 1.55%, respectively. Since 150
months is a relatively long time (12.5 years), one can already see that if most distressed
firms will be expected to live shorter than that, their expected excess returns will have to be
lower. In the long-run situation of the solid line, the spread between the lowest and highest
excess returns is about three percent per annum. The actual differences will of course be
lower, because even long-lived firms must pay portions of the shortest equity strips as well.2?

Another interesting question is what are the sources of the differences between excess re-
turns of strips with different maturities. In other words, which risks are priced at those matu-
rities? To answer this question, I first use the standard no-arbitrage condition e™+1 "%+ = 1,

to derive the risk-return relation
rry g = —cov(ryy, mMiyt),
and using formula (6) for the SDF, I can decompose this covariance into four components

—covi(Myy1, i) = owcovy (i, Ayn) + orcove (1,1, Ayu)

+ orcovy (11, Ace) + owcov (i, Ayw).
Using (10), this can be written further

—covg(myg1,171) = Ry(A,+ Aya)op + Ry (Ay + Aya)o} + RIAco} + Ry A0,

. n,n n,u n,e n,w
= TTy T T TT T,

where the terms in the second row are exactly the portions of the expected excess returns

earned by the strips due to their covariances with individual risk factors.

231 do not consider other conditioning variables than o2, because they have zero effect on the expected
returns. This can be seen in equations (6) and (10). The volatilities of the innovations to the SDF and to
the realized strip returns depend on oy only.
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I plot the results of the decomposition above (in annualized terms) in Figure 4. Only
two components of returns are seen to be of special importance, one due to the exposure
to the long-run mean consumption growth shocks e (thick dotted line), and the other due
to the exposure to the i.i.d. shocks to the dividend growth u (thick dashed line).?* At
the shortest horizons, only innovations to the dividend growth matter. This is because
these innovations are correlated with consumption growth shocks (correlation of «), which
directly affects marginal utility of the representative consumer.?> For longer horizons the
importance of this component diminishes, which is caused by cointegration between dividends
and consumption in levels: an innovation to the dividend growth is expected to be reversed
in the long run, so that the prices of long-maturity assets do not respond strongly to it.
However, longer-maturity assets are far more exposed to shocks to the persistent conditional
mean of dividend growth. The latter do not affect immediate consumption growth, but have
an effect on marginal utility by increasing the agent’s wealth. The small magnitude and
very high persistence of those shocks are the reasons of why short-maturity asset prices are
not affected by them. Intuitively, if the dividend will be paid tomorrow, its price will be
independent on what will happen in ten years.

In Figure 4, the effect of z; is the largest at maturities of around 150 months. Without
cointegration, the line would slope up without bound with increasing maturity, which would
be the case in the economy of Bansal and Yaron [2004]. Here, the cointegration makes

long-term assets safer by reducing the long-run risks for extremely large maturities.

5.3 The effect of the payout horizon on market betas

I move on to analyze market betas of individual equity strips. The natural question that

arises is whether the low returns of short-maturity assets can be explained by low covariation

24The other two components are far less important, because they have smaller magnitude under my
calibration, and because they mainly affect extremely long maturities.

25The SDF for the economy with an Epstein-Zin agent can be decomposed in two parts: one that depends
on the realized consumption growth, and one that depends on the realized capital gain on wealth. At the
shortest maturities, dividend strips covary mainly with the former.

18



with the market return, or equivalently whether the CAPM works well within the model.

The conditional market beta for an n-month equity strip is

6n — Covt(r?—kl?rm—l)
¢ Vary(ri,)

(12)

Figure 5 depicts market betas of the equity strips as a function of maturity, with o2 set
to its long-run value (actually, only o2 matters, since the other variables do not affect the co-
variances of returns with the market).?® It can be seen that under my calibration the CAPM
can work well for long maturities, as the decreasing pattern of betas fits decreasing expected
returns, shown in Figure 3. This is, however, not the case for the shortest maturities, where
expected returns increase with maturity, which cannot be explained by the pattern of betas,
which are generally downward sloping.?” It is interesting to note that the betas actually go
up slightly for the shortest horizons, which cannot turn the previous conclusion around.?

Why are the betas generally decreasing in maturity? To answer this question, I decom-
pose conditional market betas of the equity strips into parts that come from covariation
of market return with sources of variation in individual strips, in a way analogous to the

decomposition of returns in the previous section. Using (10), I re-write (12) as

Covt(_RZO—tnt+l — RZUtUtJrl — R?O’tcfprl — szawthrl, 7";3_1)
m
Vary(rii,)

e T B + B0 + Bu

The resulting components are plotted in Figure 6. The largest portion of betas comes
from the exposure to i.i.d. dividend innovations u;; (dashed line). This component is

the only one that is relevant for the shortest-maturity assets, and is also responsible for

26Moreover, it turns out that changing o2 has virtually no effect on betas, so that results can be equally
well interpreted as referring to the unconditional ones.

2TThis result is in contrast with the findings of Drechsler [2006], who uses a similar model, but under
calibrations very different from mine. He does not concentrate on the shortest-maturity equity.

28This increasing pattern at the shortest maturities is the effect of high curvature of the dotted line in
Figure 6 in that region. See below, for more details on how the figure is constructed.
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the generally decreasing overall pattern of betas for longer maturities. The portion that
comes from the covariation with the innovations to the long-run risk variable €, is much
smaller, and it increases with maturity (thick dotted line). The effects from direct exposure
to innovations in consumption growth 7,,; (thin solid line) and conditional volatility o2 (thin
dotted line) are negligible.

How does the presence of cointegration affect market betas? To provide the answer to
this question, I plot the decomposition of betas again, this time for a model in which I
assume no cointegration at all. The result is shown in Figure 7. Now, the pattern is very
different, the betas do not decrease with maturity, showing a slight upward slope instead. To
conclude, the effect that comes from the cointegration is important if one wants to explain

empirically higher CAPM betas for short maturity assets.

5.4 Implications for distressed equity

In this section I perform an experiment designed to test the ability of the model to explain
the distress puzzle, as observed in empirical studies. I take the hard path and compare the
results of my model to the findings of Campbell, Hilscher and Szilagyi [2008], who suggest
that the magnitude of the puzzle in the data is especially pronounced. This study suggests
a difference of roughly fifteen percentage points per year between the excess returns earned

by the least distressed, and the most distressed firms.

5.4.1 Modeling distress

I model distress in a reduced-form fashion. The firms are parametrized by a constant proba-
bility of default.?? Each firm pays a constant (possibly very small) portion of the aggregate

dividend until it defaults. In the event of default at time ¢, the firm will pay the dividend at

29Within this model, and under the assumptions listed below, it is hard to distinguish firms and portfolios
of firms, since a well-diversified portfolio of firms with a given mean expected default time T will earn exactly
the same expected excess return as a single firm with the same T. Therefore, I use the terms ’firms’ and
'portfolios of firms’ interchangeably, with the hope that no confusion arises.
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t+ 1, but nothing in all periods that follow. Finally, I assume that default events are related
to firm-specific reasons only.*°

Finally, I have to make an assumption of what happens with the portion of the aggregate
dividend paid by a given firm after it defaults. I adopt a convention that at the default
time an identical firm emerges, and continues dividend payments to different stockholders.
At any given point in time, only firms that are alive can be traded, which implies that not
all dividend claims are available for purchase in the stock market. This does not imply
market incompleteness, since the firms that are not yet born can be assumed to be part of

the present value of the labor income of the representative agent.

5.4.2 The challenge

I consider ten portfolios with different probabilities of default per year p € {0.0011%, 0.014%,
0.018%, 0.024%, 0.036%, 0.057%, 0.109%, 0.192%, 0.340%, 0.803%}, which correspond ex-
actly to the fitted probabilities of default for ten groups of firms from Campbell, Hilscher and
Szilagyi [2008].3! The groups are based on the percentile cutoffs. The first one contains 5%
of the healthiest firms, and the second 5% of firms with slightly higher default probabilities.
The third entry corresponds to firms between the 10th and the 20th percentile, and the three
following numbers to groups of 20% each. The seventh value is related to firms between 80%
and 90% of the distribution, and the last three numbers refer to the most distressed groups,
of size 5%, 4% and 1%, respectively.

In Figures 8 and 9, I replicate the Figures 2 and 3 from Campbell, Hilscher and Szilagyi
[2008], focusing on unconditional mean excess returns, CAPM betas and alphas. Figure 8

presents the unconditional mean excess returns (solid line) and CAPM alphas (dotted line)

30This is similar to the assumption in a related study by Avramov, Cederburg and Hore [2010]. Equiv-
alently, it could be assumed that default events that matter for the aggregate are related only to short-run
transitory business fluctuations. Bansal, Kiku and Yaron [2010] show that within the class of long-run risks
models, the market price of such temporary risk is very small if the elasticity of intertemporal substitution
(EIS) of the representative agent is above one, as is the case here. Most long-run risk models therefore
implicitly assume transitory shocks away.

31These probabilities correspond to the following expected lifetimes in years: 91, 71, 56, 42, 28, 18, 9, 5,
3, 1.
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for ten distress-sorted portfolios (the most distressed on the right). It is clear from there that
the extremely low returns earned by the most distressed stocks provide a tough challenge for
most asset pricing models. Importantly, CAPM alphas are below the unconditional returns,
which means that correcting for risk using this model only makes things worse. Figure 9
makes this point differently by showing that the CAPM market betas or the loadings on
the MKT factor from the Fama-French model are increasing in distress, which is at the core
of the anomaly.?? It is immediately clear that these patterns must be difficult to replicate
within a consumption-based model, because of the unusually high negative magnitudes of

the pricing errors.

5.4.3 Cumulative equity strips

Under the assumptions above, the expected returns implied by my model are pinned down
by the distribution of random default times, together with the riskiness of individual equity
strips paid up to the moments of default. Before characterizing expected excess returns and
market betas of firms with random default times, it is useful to start with a hypothetical
firm with deterministic time of default d > ¢, whose future payouts are composed of constant
fractions of aggregate dividend between times ¢t +1 and d+ 1. The expected excess return of
such a firm can be very well approximated (see Appendix B) by the value-weighted average
¢33

of expected excess returns of the individual strips, that constitute its total payou

For an asset with fixed default time d, one can define the sequence of weights

w

y P (Pj/Dy)
it i i )
S P SR/ Dy)

32Campbell et al. do not report CAPM betas. My dotted line is implied from their unconditional returns
and CAPM alphas, together with the assumption of mean equity premium of 5.75%.

33The approximation would not be necessary if one considered simple returns, as opposed to continuously
compounded returns analyzed here.

22



which can be used to derive the return on such an asset,

d+1
d,cum d .k
Tii1 E :wk‘,trtJrl' (13)
The expected return is
d+1
d,cum d k
eryiy E :wk,teTtJrl? (14)
and the expected excess return
d,cum d,cum f
TT = ery = T (15)

Equation (15) defines a term structure of what I name cumulative equity strips. Figure
10 compares the excess returns of cumulative strips (solid line) to those of individual strips
(dotted line). The maximum return is now lower and shifted to the right, since cumulative
returns contain returns of all earlier maturities with relatively large weights.

Similarly, one can think of the unconditional market beta of the firm that is certain to
default at d > ¢. From (13), it follows immediately that this beta is a weighted average of

individual strip betas up to d,

Cov Td cum ’f’m Cov d+1w T’k rm d+1
d,cum __ t( t+1 t+1) t(Zk 1 Pkt t+1> t+1 Zwktﬁt (16)

! Var, (rt+1> Vart(rtJrl

The difference between the cumulative and individual betas is illustrated in Figure 12. The
former are decreasing more slowly with maturity, because they are in fact weighed averages

of the latter, starting from maturity zero up to a given point.

5.4.4 Replicating the distress puzzle

The following proposition justifies a straightforward way to compute expected excess
returns of firms with given default probabilities, and their market betas. Below, I use the

result to compute these characteristics for the ten portfolios of Campbell, Hilscher and
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Szilagyi [2008], discussed in one of the previous subsections.

Proposition 1 Consider a firm with a constant default probability p per period of time. Let
T, denote the implied (random) time of default, uncorrelated with the shocks to the state

variables, and 1}, the return realized over one period.

1. The (conditional) expected return on this firm is

p Tp,cum
rayy = Ey(ro )

2. The (conditional) market beta of the firm is

8 = Bl

The proposition says that both expected returns and betas of a firm with random default
time can be computed simply by taking expectations of cumulative expected strip returns
and cumulative betas, under the distribution of the random time of default T". The proof is
given in Appendix B. The second part hinges upon the assumption that the time of default
is uncorrelated with the state variables, and therefore also with the market.

It is now easy to compute the expected excess returns, betas and alphas for the ten
firms of interest (with exactly the same probabilities of default as in Campbell et al.). The
results are in Figures 13 through 15. The model replicates the decreasing pattern of expected
returns well. The returns on the first five (the healthiest portfolios) are relatively flat as a
function of the measure of distress. For the most distressed ones, the graph steepens sharply.
This is a qualitative advantage of the model, since the empirical pattern shown in Figure 8
is very similar to the one implied by the model.

Similarly, the model replicates the pattern of market betas in Figure 10 well. They are
generally increasing in maturity, falling slightly for the firms with the two highest probabil-

ities of default. This is again strikingly similar to the empirical pattern, reported in figure
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9. Taking the results together, the conclusion is that under my calibration the long-run
risks model (1) reproduces the failure of the CAPM in pricing short-maturity assets, and (2)
provides a basis for qualitative understanding of the distress puzzle.

Quantitatively though, the model is not able to reproduce the magnitude of the negative
returns for the most distressed stocks. The remarkable minus 16% in annualized terms for

the most distressed firms reported by Campbell et al. [2008] provide a real challenge.

5.4.5 Re-defining the market

In Figures 13 to 15, one is able to notice that (1) all expected excess returns across the
distress portfolios are relatively low, as compared to the equity premium of 5.75% reported
in Table 2, (2) the CAPM betas are all above unity, and (3) CAPM alphas are uniformly
below zero. Notably, even the healthiest firms seem to deliver expected excess returns below
the market portfolio. This inconvenient feature of the model comes from the fact, that the
dividends are co-integrated with consumption, which makes very long-term assets relatively
safe, as compared to the setting without cointegration. Those assets do not loose value very
quickly with maturity, which results in relatively large portion of the market value coming
from long-term equity.

Does the issue raised above invalidate the ability of the model to explain the distress
puzzle? T argue that it does not. [ perform a robustness check to see whether another
definition of market return can turn the results around. Starting with the distressed groups
analyzed in the paper , one may define the return on the market to be the weighted average
of the expected excess returns earned by the ten portfolios. Then the CAPM betas can be
re-defined in terms of covariances of the ten groups with the newly defined market measure,
divided by the variance of the latter.

The results are plotted in Figures 16 to 18. The expected excess market return is now
4.76%, still well within the range of plausible values. More importantly, the figures show

the same qualitative patterns that we have already seen, with the only exception of more
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intuitive magnitudes of the alphas and betas.

6 Conclusions

This paper proposes a consumption-based explanation of the empirical fact that distressed
firms earn low expected returns, despite having higher loadings on the aggregate market
factor (CAPM beta). I employ a long-run risks framework similar to that of Bansal and
Yaron [2004], with the additional assumption of cointegrated consumption and dividend
processes, as in Drechsler [2006] or Bansal and Yaron [2007].

Firms with high default likelihoods are intuitively those that have short expected du-
ration of cash flows, and pay the bulk of their lifetime dividends in the very near future.
They are relatively immune to the persistent economic shocks, which makes them less risky.
Concerning betas, there are two opposing effects. Persistent shocks to expected dividend
growth makes the term structure of betas slightly upward sloping, while the effect of the
i.i.d. dividend shocks is that the betas decrease with maturity. Overall, the second effect
dominates, but only if the cointegration between dividends and consumption is present in
the model. The latter ingredient seems necessary to explain the puzzle in a complete way.

I calibrate my economy successfully to match the most important asset pricing moments.
Despite introducing cointegration, not present in Bansal and Yaron [2004], I find that staying
close to their calibration does not lead to a deterioration of the ability of the model to fit the
data. The effect of cointegration, although not particularly strong from the purely technical
point of view, plays an important role in the replication of the stylized facts associated with
the distress puzzle, most importantly the failure of the CAPM in the explanation of low
expected excess returns on firms that pay most of their dividends in a near future.

The model does a very good job on matching the distress puzzle qualitatively. Never-
theless, the same cannot be said about its quantitative ability to explain the magnitude of

the anomaly in the data. I leave it for future work to develop a consumption-based model
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capable of doing that.

Although I model default in a reduced-form fashion, the mechanism presented here must
also be at work in any fully-specified structural model of default, provided that a long-run
risk framework is used to provide macroeconomic background (the path pursued by Bhamra,
Kuehn and Strebulaev [2010]). To the extent that distressed firms have short expected
lifetimes because of some purely idiosyncratic risks, they must also have lower expected
returns ceteris paribus, if long-run risks are important for asset pricing. It is an interesting
task for future research to learn the extent to which the events of default are idiosyncratic. If
defaults are related to the asset pricing factors, then it is important to know the sign of the
correlation. For example, in the framework of this paper one could easily imagine situations
in which the innovations to the expected consumption growth are correlated either positively
or negatively with the aggregate default rate. Obviously, when the long-term prospects for
economic growth are worsening, we should expect some events of default, but we should also
expect defaults when there are radical technological improvements, as in the Schumpeterian

effect of creative destruction.

Appendix A — Solving the long-run risks model

This appendix briefly outlines how to solve the long-run risks model summarized in equations
(1) and (3). The reader may also consult Bansal, Yaron [2004], Drechsler [2006] or Bansal

and Yaron [2007].

Log-linear approximations

The model permits a nice log-linear solution, if one uses the Campbell and Shiller [1988§]
approximation for realized returns. Let Dy, s € {t,t+1,...} be the stream of aggregate

dividends, with ex-dividend price P,. Let z4; denote the log price-dividend ratio log(P;/Dy),
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Ady4 the dividend growth rate, and 74,41 the log return. Then,

Tat1 = Kao + Adip1 + KdgZdi+1 — Zdts

where k40 and kg are constants of linearization, given by34

exp(Zzq)
Rl = T————
T+ exp(2)
ka2 = log(l+exp(Zq)) — Ka1Zd,

(17)

and z is the mean log price-dividend ratio. Campbell [1993] and Campbell and Koo [1997]

find this approximation highly accurate for models with constant volatility, provided that

an iteration is used to find a fixed point for z (as is the case here, see below). Kiku [2006]

and Bansal and Shaliastovich [2009] compare approximate and numerical solutions of their

long-run risks models (with stochastic volatility), concluding that the log-linearization errors

are negligible. I therefore rely on the approximate solutions.

An approximation similar to (17) can be applied to the aggregate consumption claim

that appears in the log-stochastic discount factor (1). With analogous notation, we have

Tetit1 = Keo T Aciy1 + Ke1Zei+1 — Zets

exp(Z.)
1+ exp(z,)’
Keg = log(l+exp(Z.)) — KeiZe,

Re1 =

3470 derive (17), write

Py
Pt+1 + Dt+1 (Dt+l + 1) Dt+1 . Pt+1 Dt Dt+1
= +1) —
P Py

Riiq = =
t“ Dy P D,

= (exp(zd,t4+1) + 1)

(19)

(20)

take logarithms and linearize log(exp(zq,t+1) + 1) around the mean price-dividend ratio Z4, using the first-

order Taylor expansion.
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where z., is the log of the price-consumption ratio, and Zz, its long-run mean.

The constants k. and k. for the price-consumption ratio can be treated as known at
this stage. They will be found numerically, as explained below. The former is slightly above
zero, and the latter slightly below one. Identical comments and properties apply to the
constants related to the price-dividend ratio below, k49 and kg 1.

With the formulas for realized returns to aggregate claims (17) and (19), it is easy to
obtain analytical expressions for the expected returns of all assets within the model. In
principle, this can be accomplished using the no-arbitrage condition (2), together with the
log SDF expression (1). The only elements missing are the valuation ratios z.; and 24, as

unknown functions of the state variables z;, y;, 02), and the constants in (18) and (20).

The price-consumption ratio

Since the price-consumption ratio is necessary to obtain the log SDF, one needs to find it
first. Then, given the SDF| it is possible to solve for the market price-dividend ratio and
the valuation ratios of other claims. The following proposition gives z.; as a function of the

state variables and model parameters.

Proposition 2 The log price-consumption ratio z.; is affine in the state variables,

Zegt = AC,O + Ac,1$t + Ac,Qyt + 140,30-t2
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and

(1 B l) Pe
¢ 1_"fc71(1+¢d_¢0)’

1 1
— | 1—- = + Ke1S —
1 — Y ( ¢> W)C ¢l (¢d ¢c)]7
% (1 o 7)(1—%) HMCJS@Q?UH&;Eijﬁ)(%’ls)%(%Hc’lp)Q},
1
1 P [log(é)‘l’(l*i)uc‘f’ﬂc,O‘i’ﬁc,lAc,Q(Iid*#c)‘i’ﬁc,lAc,B(I*V)02+%(enc,lAc,Saw)Q]’
- Ml

Pe
1 — ke1(1+ ¢g— ¢c)’
Ve + Ke15(tha — Ye)
1 —Keap

Proof. Assume that the functional form of the log price-consumption ratio log-affine, as

claimed in the proposition. The aim is to verify that the return to the consumption claim

satisfies (2), when the coefficients A.; (for i € {0,..,3}) are set to the values in the proposition.

As a notational convention, in the proof I suppress the subscripts c¢. Thus, for example,

Tegt1 18 Just rpqq.

The no-arbitrage condition for the consumption claim is

Et [emt+1+n+1] =1.

For convenience, I rewrite the formulas for the log SDF (1) and the return on wealth (19),

which appear in the exponent,

0
me1 = Olog(d) — EACH-I + (0 = Drega,

T = Ko+ Ac + K1z — 2.
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The sum of the two is therefore
1
Myy1 + ree1 = 0log(d) + (1 — E)Actﬂ + 0(ko + K1ze41 — 21)-

The following steps are tedious but straightforward. The expressions for z;,; and z; can be
replaced using the conjectured log-affine functional form. Now, the sum is expressed only in
terms of the dynamics of consumption plus the state variables at times ¢ and t + 1. One can
use the specification (3) to write everything in terms of state variables z;, y;, o7 and four
normally distributed shocks (7, u, e, w). Now it can be seen that the exponent is a Gaussian
random variable. Taking the conditional expectation and noting that the coefficients at all
three state variables plus the constant term must all be zero to ensure no-arbitrage, one
obtains four equations that can be solved for the four coefficients A.;. m

The log price-consumption ratio in Proposition 2 depends on the linearization constants
keo and K.y in (20). Since they depend on the mean price-consumption ratio, one needs to

compute them recursively:3

1. Start with an initial guess of Zz..

\)

. Compute k.o and k. using (20).
3. Calculate the coefficients A.; in Proposition 2.

4. Obtain a new value of z,, using3®

Had — He

+ A.30°%
¢c - ¢d ?

Ze = AC,O + Ac,l‘f + Ac,ﬂj + Ac,30-2 = AC,O + AC,Z

5. With the new value of Z., repeat steps (2)—(4) until convergence.

35 Alternatively, nonlinear solver can be used.

36Note that the long-run mean of x; is zero. When the mean growth rates of consumption and dividends
are equal, then also the unconditional mean of y; is zero. If the model is restricted in a way that the
cointegration relation has no impact on consumption and dividend growth rates (¢, = ¢4 = 0), the formula
has to be modified to z. = A, + A 302

31



This algorithm converges quickly (usually 10-20 iterations). The same method can be used
to find kg0 and kg in the price-dividend ratio below.

Looking at proposition 2, it is important to note how the parameter 1) that measures the
EIS affects the price-consumption ratio. Assume that v > 1 and ¢, > 0 (when dividends
are above consumption, its growth is likely to accelerate). When ¢ < 1, the expressions
for A.; and A,y are negative, while the one for A 3 is positive. Intuitively, this means
that the consumer values her consumption more, when expected consumption growth is low,
the deviation from the cointegration relation is low (dividends below consumption) or the
conditional volatility of consumption is high. The explanation is straightforward — for low
EIS, when the consumer expects high growth in future consumption (either as an effect of
higher conditional growth rate, or dividends being above consumption and pulling it up
in expectations), she wants to borrow from the future to smooth her path of utility. This
raises the interest rate to the extent such that the higher future consumption is heavily
discounted, with negative effect on wealth. Similarly, when the volatility of consumption
growth is higher, she is willing to save more because of the precautionary motive, which
decreases the interest rate and has a positive effect on wealth. However, with EIS close
to 1/7, the utility function is more similar to power utility, and the model is not able to
replicate high equity premium. This implies that in the long-run risks model of Bansal and
Yaron [2004] (and its variations), one needs EIS above one. Whether this is the case in the

data is still an open question.?”

The stochastic discount factor and the risk-free rate

Having solved for the price-consumption ratio, I can characterize the stochastic discount

factor for the economy.

3TThere have been many attempts to estimate the EIS. Hansen and Singleton [1982], Vissing-Jorgensen
[2002], Vissing-Jorgensen and Attanasio [2003] and Guvenen [2006] report values above one. Hall [1988] and
Campbell [1996] argue for values much closer to zero.
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Proposition 3 The log stochastic discount factor takes the form

2
Myp1 = —Mo — M Ty — MYy — N30, — AnUﬂ?tH - Auatut-i-l - AeUt5t+1 - Awawt+1,

with the coefficients and prices of risk given by

m() - _9log(é)+”{Hc+(1—‘9){nc,0+/{c,l[AC,O+AC,2(/de_ﬂc)“!‘Ac,S(1_1’)0'2)}_‘4&0}7
my = ’YZZJC + (1 - 0)[/%,1(1412,1,0 + Ac,?('@bd - wc) - Ac,l)}a
my = Yo+ (1 - 9)A072[/€0,1(1 + ¢a — ¢C) - 1]7

mg = (1—0)A.3(keav —1);

AW = v — (1 - O)Hc,lAc,Qa
Au = (1 - 0)50,1140,2@07
AE = (1 - 9)/%,11413,1%017

Aw = (1_9)50,1140,3-

The parameters A,, © € {n,u,e,w} measure the representative agent’s risk aversion
associated with the four shocks. With ¢y > 1 we have 1 — 6 > 0. The price of direct
consumption risk (1n;41) is equal to the coefficient of relative risk aversion, decreased by the
amount to which the cointegrating relation hedges against shocks to the current consumption
(if there is strong consumption growth, it is likely to partly revert in the future). The price
of shocks to the dividend (u;;1) is non-zero only because of the presence of cointegration —
if A.o = 0, this price is zero as well. The shocks to the persistent conditional growth rate
(¢1+1) and conditional volatility (w:;1) have positive prices of risk. Note that in this model,
as in Bansal and Yaron [2004], the prices of risk are constant.

What makes the market risk premia time-varying in the model, is the amount of risk

given by o;. This is one of the most important differences between the long-run risks models
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8 in which consumption process is assumed to be

and the models with habit formation,?
homoskedastic and the market price of risk varies.
Using the proposition 3, it is straightforward to obtain the continuously compounded

risk-free rate r{ through

e = B, [em+]. (21)

Proposition 4 The continuously compounded risk-free rate is

7{+1 = 7"5 +T{$t +r§yt +T?{O-t2v

o Lo o
ro, = Mo — §Awaw7
[ _

o= m,

;o

ry = Mgy,

The price-dividend ratio and the market return

To price the market portfolio (the claim to all future dividends), one needs the log-linearized

market return (17) and the price-dividend ratio zg;.

Proposition 5 The log price-dividend ratio zq; is affine in the state variables,

Zar = Ago + Ag1xy + Aoy + Ad,30t2,

38For example, Campbell and Cochrane [1999], or Wachter [2006].
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with the coefficients given by

A _ $a — Mo
d2 — )
1-— "{d,l(l + ¢d - ¢c)
4, = Yt hanAaa(a =) —m
d1l — ’
1 — Kaap
1
Ad,3 = —[%(An+"'€d,1Ad,2)2+%(Au_4P(“d,1Ad,2+1))2+%(AE_Hd,lAd,HPw)Q]
1 —Kaq1v
1
(A + Ka1Ad2) Ay — p(Ra1Aaz + 1)) — my],
1 —kg1v
1
Ago = - (ka0 + ta + KagAaz(pta — pte) + ka1 Aaz(l — v)o?]
— K1
1 [1,

50 (Au} - Hd71Ad,3)2 — My

Proof. Almost identical to that of Proposition 2. =
Define %, = log(Ds41 + Pi1)/ P to be the continuously compounded market return.

The following proposition characterizes it in terms of the four underlying innovations.

Proposition 6 The continuously compounded return on the aggregate market is

m m m m m m m m m
Ty =Ty +1{ X+ Ty Y+ 3 00 — Rn o1 — I opupy — R0y — Ry 0pWigq,
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and the coefficients are

0" = Kdo+ pa — Ado + Ka1 [Ad,o + Ag2(pa — pte) + Agz(l — V)UQ} )
" = g — Ag1 + Kaa [Aaip + Aaz(Va — V)],

ry = ¢a— Ag2(1 — ka1 (1+ g — ¢c)),

ryt = —Ags(l — Kkgav);
Ry = Ki1Aa2,

R} = —o(14 Kkg1442),
R;” = —l‘id,lAdJ(Pa:a

Rﬁ = —:‘id,1Ad,3-

The term structure of equity

The focus of this paper is to analyze risk properties of assets that pay their dividends
at various maturities. I therefore decompose the aggregate price-dividend ratio into the
infinite sum of price-dividend ratios for equity claims (equity strips)® that pay the aggregate
dividend in the economy at fixed future time points. Define P"/D; as the price of aggregate
dividend paid by the economy at date t + n, normalized by currently paid dividend. It is
straightforward to observe that
Dy, 4D,
n=1
Define also R}, to be the gross return on an equity strip of maturity n. For n = 1, this

return is only composed of the dividend payout at ¢t + 1, while for n > 1 there are only

capital gains, as in the case of long-maturity bonds. The return can be written

Pnfl Pnfl
n—1 t41 t41
n Pt+1 Dty Dt+l _ Diga Dt+1
t+1— pn T PP oD,
t EDt E t

39In this nomenclature, I follow Drechsler [2006]. Similar decomposition of equity is also applied in Lettau
and Wachter [2007], [2010] and Croce, Lettau and Ludvigson [2006], among others.
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Taking logarithms,

Pn—l Pn
r = log(Rpy,) = log(—+-) — log(ﬁtt

Ad;oq.
Dins )+ Adin

I now conjecture the functional form of log(FP;*/D;) to be

n

P
10%(#) = ZO,n + Zl,n%: + Z2,n?/t + Zs,nUtZ,
t

which allows me to rewrite the previous equation as

Tipl = [Z(ln—l + Zin-1Tip1 + Lop_1Yir1 + Z3,n—10,52+1] (22)

- [ZO,n + Zi Tt + ZopYr + ngaf] + Adyyq.

It is now straightforward to use the dynamics of the state variables (3) and the no-arbitrage

condition (2) applied to (22), to derive a set of Riccati difference equations relating the

coefficients Z;,, to Z; ,_1; i € {0,..,3}:

ZO,n

Zl,n

ZQ,n

pa —mo + Zon-1 + Zop-1(fta — ptc) + Zzpn-1(1 — V)U2

1

+§(Aw - Z3,n—1)20-12u7

g — i+ Zip1p + Zop—1(Va — ¥e), (23)
¢d — M2 + Z2,n—1(1 + ¢d - ¢c)7

1 1
—ma + 31V + 5(/\77 + ZQ,n—1)2 + §(Au — p(Zap—1 + 1))2

1
+§<A€ - Zl,nfl(Px)Q + (An + ZQ,nfl)(Au - QP(Z2,n71 + 1))05

The system can be solved recursively, using the set of the initial conditions Zyy = Z19 =

Zao = Zsp = 0, which guarantee that the price of the dividend at time t is exactly Dy
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(known at t) so that P?/D; = 1.4°
Knowing the valuation ratios of all equity strips it is useful for further analysis of their

excess returns to write the returns as functions of the shocks to the economy. The proposition

below follows from (22) and (23), together with (3).

Proposition 7 The continuously compounded return on an equity strip that gives the right

to the aggregate dividend at time t+n is
n n n n n 2 n n n n
Tir1 = T + T + T9 Yt + rs0, — Rn(ft’f]t+1 — RuO'tlLt+1 — RE OtEtr1 — RwO'wthrl,
where the coefficients are

e = fa— Zon + Zon-1+ Zon—1(pta — pte) + Z3n—1(1 — V)U27
= Ya— Zig+ Zin—1p + Zon—1(¥a — Ye),

ry = ¢qg— Zop+ Zon-1(1+ ¢a— ¢c),

ry = —Z3n+ L3p_1V;
Ry = Zon-1,

Ry = —p(Zayp-1+1),
R = —Zin-1¢a,

R, = —Zs3,_1.

40Gince the focus of this paper is on equity, I do not solve for the zero-coupon bond prices. This is possible
using the same set of difference equations, but assuming constant payouts of one at every maturity, instead
of the aggregate dividends.
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Appendix B — Other Results

Approximation of returns in equations (13) and (14).

As mentioned in the main text, the formulas (13) and (14) are approximate. To justify them,

I consider the function
f(xl, Ce 7xd+1) = log(wleml + 4 U)d+1€xd+l), (24)

where I assume that all x; are close to zero, and the w;’s sum to one. One can approximate
this function using the first order multivariate Taylor expansion around z; = 29 = -+ =

441 = 0, which yields

f ~ f(O,...,O)+f1(0,...,0)(x1—O)+---+fd+1(0,...,0)(xd+1—O):

= wixy + -+ Wep1Tq41-

Now, write the exact version of formula (13):

d+1

d,cum d i
et = E wy et
=1

Taking logarithms on both sides, one recognizes the functional form (24), and the approx-
imation yields (13). The formula (13) shows up after applying the same reasoning to the

d,cum
expected return, er,};

Proof of Proposition 1.

Throughout the proof, I will use the notation Er(.), Covr(.) and Vary(.) to denote the
expectations and covariances conditional on the information about the random time 7, at
time t.

To prove the first part, it is enough to show er; , = E; [erﬁf’fum , since the result will
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follow by subtracting the risk-free rate from both sides. We have

1 1
erf-&-l = Et[rfﬂ + §VaTt(7”f+1)] = Et[ET(TfH + §VaTt(7”f+1))]
1 1
T,cum T,cum T,cum T,cum
= EfBEr(r "+ §Vart(rt+1 N = Eir 5" + §Va'rt(rt+1 )] =
T,cum
= Et[ert+1 J.
In words, I condition the expectation upon the information on the possible realizations of

the random time 7},.

For the second part, I use the definition of the CAPM beta,

. C’ovt(er, Tﬁl)

B = Vary(ri,) (25)

Without loss of generality, assume that the time of default can take only two values, T}, €
{s,1}, with associated probabilities p; and ps. In what follows, I drop the time subscripts
t for the clarity of presentation (all expectations and covariances are conditional upon the

information set at time ). Equation (25) can be re-written as

COU(T?HW?}H) _ E[COUT(TfHaTﬁl)] + COU<ET(T§?+1)7 ET(T;,Zl))
Var(r,) Var(ry,) ’

where I use the law of total covariance for the numerator. The second term in the sum is
zero, because Ep(r{},) is a constant, equal to (time-t) conditional expected market return
(this hinges upon the assumption that 7}, is uncorrelated with the market). One can write

the numerator further as

l,eum m

E[COUTO"me Tﬁ-l)] = pSC’ovs(rfﬁLm, Tﬁ-l) +plOOU(Tt+1 7Tt+1>’ (26)
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which leads to

s,cum _m l,eum m
COUs(TtH aTt+1) OOUZ(TtH 7Tt+1>

m D m
Var(r{,) Var(r{,)

Tp,cum
ﬁf:ps :E( t ).
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(A) Preference Parameters

gl ¥ 0
me 10 1.5 9989
BY 10 1.5 998
BKY 10 1.5 9989
(B) Consumption Growth
He Ye Pe P Pe
me .0015 1 0 979 .044
BY .0015 1 0 979 .044
BKY .0015 1 0 975 .038
(C) Dividend Growth
fd Ya P © o
me .0015 2.0 -.001 8.0 D
BY .0015 3.0 0 4.5 .0
BKY .0015 2.5 0 6.5 4
(D) Volatility
o Ow v
me .0078 .0000023 987
BY .0078 .0000023 987
BKY .0072 .0000028 999

Table 1. Calibration of parameters. The first row in each panel
corresponds to my calibration, the second to Bansal and Yaron [2004] and
the third to Bansal, Kiku and Yaron [2009]. All parameters are monthly.



Model Implied Moments

Moment me -std +std BY BKY Data
E(Ac) 1.80 1.11 2.49 1.79 1.82 1.95
o(Ac) 2.92 2.58 3.26 2.92 2.96 2.16
p1(Ac) 0.52 0.41 0.63 0.51 0.44 0.44
E(Ad) 1.80 -0.21 3.81 1.66 1.85 1.02¢
o(Ad) 18.00  16.22  19.78  11.57 1642  10.69°
p1(Ad) 0.27 0.16 0.38 0.40 0.29 0.14¢

E(rm —rl) 5.75 3.54 7.96 6.62 6.58 6.20
o(rm —rl) 18.60  16.64  20.56  16.88  21.35 18.34
p1(r™ —r7) 0.00 -0.12 0.12 0.03 0.02 0.04
E(r)) 1.46 1.04 1.88 2.56 0.99 0.99
o(rl) 1.37 1.16 1.58 1.30 1.28 4.28
p1(rf) 0.78 0.70 0.86 0.85 0.86 0.59

E(p—d) 3.39 3.19 3.59 3.00 3.04 3.31

o(p —d) 0.37 0.32 0.42 0.16 0.26 0.46

p1(p — d) 0.91 0.77 1.05 0.77 0.95 0.88

Table 2. Model-implied moments. To compute the population mo-
ments, | run a hundred repetitions of 10000 years of simulated data (which
gives a total of 12 m months), and average the model-implied moments
across the repetitions. The last column in the table is taken from Beeler
and Campbell [2009], who use yearly time series for the time-span 1930-
2006. For the fields with a-c superscripts, I calculate analogous moments
using the data from 1930 to 2006 on real earnings from Robert Shiller’s
website. The results (for the same time span) are: a—2.11, 5-16.97, ¢—0.29.
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Figure 1. Price-dividend ratios of individual equity strips, when the state

variables are set at their long-run mean values z; = 0, y; = 0, and 0? = o2

T
T
1

)

o
o
T

I
7
L

=
o
T

multiplicative changes in the P/D ratio
!

=]
=
T
I
I
)
[
1
[
1
i
1
1
!
)
1
[}
[}
)
I
1
[
[)
[)
I
1
1

I
f

1

02 1 1 1 1 1
i] 100 200 300 400 400 &00

maturity (maonths)

Figure 2. Multiplicative changes in the price-dividend ratios of the equity
strips implied by ceteris paribus changes of the state variables z; (solid
line), y; (dashed line), and o7 (dotted line), by two unconditional standard
deviations.
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Figure 3. Annualized conditional expected excess returns of the equity
strips. The solid line corresponds to a situation in which all state (con-
ditioning) variables are set to their long-run means. The dashed (dotted)
line corresponds to a situation in which the conditional variance of con-
sumption growth is two unconditional standard deviations above (below)
its mean.
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Figure 4. Decomposition of the total conditional expected excess return
of the equity strips (thick solid line) into four components, earned due to
exposure of each strip to the innovation in consumption growth 7,1 (thin
solid line), dividend growth wu;y; (thick dashed line), conditional mean
consumption growth ¢, (dotted line), and conditional variance of the
consumption growth w;;; (thin dashed line).
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Figure 5. Conditional market (CAPM) betas of the equity strips, when
o? is set to its long-run mean value.
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Figure 6. Decomposition of conditional market betas of individual strips
(thick solid line) into portions related to the exposure to various risk fac-
tors: shocks to the dividend growth (thick dashed line), expected con-
sumption growth (thick dotted line), ii.d. consumption growth (thin
solid line), and conditional variance of consumption growth (thin dot-
ted line). The parameter measuring the strength of cointegration is set to
¢a = —0.001.
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Figure 7. Decomposition of conditional market betas of individual strips
(thick solid line) into portions related to the exposure to various risk fac-
tors: shocks to the dividend growth (thick dashed line), expected con-
sumption growth (thick dotted line), i.i.d. consumption growth (thin solid
line), and conditional variance of consumption growth (thin dotted line).
The parameter measuring the strength of cointegration is set to ¢4 = 0.
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Figure 8. Mean excess returns on ten portfolios sorted with respect to
per year probability of default (solid line), and CAPM alphas of these
portfolios (dotted line). The probabilities of default are (from left to
right): p € {0.0011%, 0.014%, 0.018%, 0.024%, 0.036%, 0.057%, 0.109%,
0.192%, 0.340%, 0.803%}. Source: Campbell et al. [2008].
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Figure 9. The loadings on the market for ten portfolios of firms sorted
with respect to the probability of default per year. The probabilities of
default are as in Figure 8. The solid line is the loading on MKT in the
Fama and French [1996] three factor model, and the dotted line is the
loading in on the market in one factor CAPM. Source: Campbell et al.
[2008].
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Figure 10. Expected excess returns on cumaulative equity strips (solid
line), defined as cumulative value-weighted means of expected excess re-
turns on individual strips (dotted line).
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Figure 11. Expected excess returns on cumulative equity strips, condi-
tional on o2 being equal to its long-run mean (solid line), and increased
(decreased) by two unconditional standard deviations — dashed (dotted)
line.
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Figure 12. Conditional CAPM betas (with the value of o7 set to the
long-run mean) of cumulative equity strips (solid line), and CAPM betas
of single equity strips (dotted line).



0.0s5

0.045 -

o

[

=
T

expecter excess return

0035+

1 2 3 4 g B 7 g 9 10
distress groups

Figure 13. Model-implied expected excess returns on the ten portfolios
of firms with probabilities of default as in Figure 8. (the most distressed
on the right).
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Figure 14. Model-implied market betas of the ten portfolios of firms with
probabilities of default as in Figure 8. (the most distressed on the right).
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Figure 15. Model-implied CAPM alphas of the ten portfolios of firms
with probabilities of default as in Figure 8. (the most distressed on the
right).
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Figure 16. Alternative (see the main text) model-implied expected excess
returns (solid line) on the ten portfolios of firms with probabilities of
default as in Figure 8., plotted with alternative market equity premium
(dotted line).
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Figure 17. Alternatively computed (see the main text) model-implied
market betas of the ten portfolios of firms with probabilities of default as

in Figure 8.
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Figure 18. Alternatively computed (see the main text) model-implied
CAPM alphas of the ten portfolios of firms with probabilities of default
as in Figure 8.



