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Abstract

This note builds on a model by DeMarzo, Sannikov (2006), in order to show that an optimal

principal-agent contract may give rise to an asymmetric volatility smile. The contribution of

this note is stated in section 3. Stock price volatility increases together with the �rm�s total

debt. Hence, in this model, an asymmetric volatility smile ia a function of credit risk.

1 Introduction

In this note I would like to show that contractual problems that arise from incentive constraints,

present in all principal-agent models, may also be responsible for the stochastic volatility of stock

prices. Additionally, I �nd that this stochastic volatility exhibits an asymmetric smile, which is

very often observed in market implied volatilities. In order to show these properties I build on a

continuous-time agency model from DeMarzo-Sannikov (2006, hereafter: DS).

For the convenience of the reader, section 2 provides a short description of the DS model. I do

not repeat the proofs of DS, except for the two that I will need. The result of this note, which

extends DeMarzo-Sannikov, is in section 3. Section 4 concludes.

2 Short summary of DeMarzo-Sannikov model

2.1 Optimal contract

An agent who manages a project generating a stochastic stream of cash �ows given by a standard

Brownian motion:

dYt = �dt+ �dZt
�E-mail: marcin.jaskowski@vgsf.ac.at
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where Zt is a standard Wiener process. The agent can privately observe cash �ows and reportsnbYt; t > 0o of the realized cash �ows. However, he may divert cash �ows or manipulate them with

his savings. That is, if the agent has positive savings, he may fabricate cash �ows that did not

actually realize. The agent can receive at most a fraction � from diverted cash �ows. So 1 � � is
the dead-weight cost of "money laundering". Based on the reports and the extracted cash �ows,

the principal transfers a payo¤ to the manager of It. The agent�s payo¤ process is assumed to

be non-decreasing and bYt - measurable. The agent�s �ow of income consists of what he diverts

plus his remuneration. The contract termination time � is speci�ed by the investor. Before � the

agent chooses a non-decreasing consumption process C = fCt; 0 � t � �g. Upon termination of the
contract, the agent receives his reservation utility R and the investors receive the liquidation value

L. The agent is assumed to be risk-neutral with the subjective time preference rate 
. The agent�s

total payo¤ from the contract at time 0 is given by

W0 = E

�Z �

0

e�
tdCt + e
�
�R

�
.

Investors are also assumed to be risk-neutral. They have an unlimited capital and they discount

received cash �ows at the rate r, such that r < 
. The principal�s total payo¤ at date 0 is equal to

b (W0) = E

�Z �

0

e�rt
�
dbYt � dIt� dt+ e�r�L� .

Before time zero, the principal speci�es a contract (� ; I) consisting of termination time � and pay-

ments to the agent fIt; 0 � t � �g based on the reports bYt. The agent chooses his strategy �C; bY �
as a response to the contract (� ; I). The following proposition describes the optimal contract.

Proposition 1 A contract that maximizes the principal�s pro�t and delivers to the agent value

W0 2
�
R;W 1

�
takes the following form: Wt evolves as

dWt = 
Wdt� dIt + �
�
dbYt � �dt�

When Wt 2
�
R;W 1

�
, dIt = 0. When Wt = W 1, payments dIt cause Wt to re�ect at W 1. If

W0 > W 1 an immediate payment W0 �W 1 is made. The contract is terminated at time � when

Wt hits R. The principal�s expected payo¤ is given by b (Wt) which at any point on the interval�
R;W 1

�
satis�es

rb (W ) = �+ 
Wb0 (W ) +
1

2
�2�2b00 (W )

and b0 (W ) = �1 for W > W 1, boundary conditions are b (R) = L and rb
�
W 1

�
= �� 
W 1.

Proof. Please see the proof of proposition 1 in DS.
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2.2 Capital structure implementation

The optimal contract is implemented with three standard securities:

Equity. Equity holders receive dividend payments made by the �rm. Dividends are paid from

the �rm�s available cash or credit and are at the discretion of the agent.

Long-term debt. Long-term debt is a consol bond that pays continuous coupons at the rate x.

The coupon rate is r and the face value of debt is D = x=r.

Credit line A revolving credit line provides the �rm with available credit up to CL. Balances

on the credit line are charged a �xed interest rate rc. If the balance on the credit line exceeds CL,

the �rm defaults.

The next proposition shows how the optimal contract can be implemented with the securities.

Proposition 2 Consider a capital structure in which the agent holds inside equity for fraction �
of the �rm, the credit line has interest rate rc = 
 and the debt satis�es

rD = �� 
R=�� 
CL.

Then it is incentive compatible for the agent to refrain from stealing and to use the project cash �ows

to pay the debt coupons and credit line before issuing dividends. Once the credit line is fully repaid,

all excess cash �ows are issued as dividends. Under this capital structure, the agent�s expected future

payo¤ Wt is determined by the current draw Mt on the credit line:

Wt = R+ �
�
CL �Mt

�
.

The capital structure implements the optimal contract if, in addition, the credit line satis�es

CL = ��1
�
W 1 �R

�
.

Proof. Please see the proof of proposition 3 in DS.

2.3 Security Market Values

First, we observe that the market value of long-term debt, credit line and outside equity is con-

ditional on the draw on the credit line. That happens because the larger the draw on the credit

line, the higher the probability of default. The long-term debt holders in case of default would get
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LD = min (L;D) and so the market value of debt is

VD (M) = E

�Z �

0

e�rtxdt+ e�r�LDjM
�
.

Outside equity holders get (1� �) dDivt out of total dividends. At termination they get their
fraction of what remains after debt and credit line have been paid o¤,

LE = (1� �)max
�
0; L�D � CL

�
.

Therefore, the value of equity per share of outside equity holders is equal to

VE (M) = E

�Z �

0

e�rtdDivt + e
�r�LE jM

�
and the market value of credit line is equal to

VC (M) = E

�Z �

0

e�rt (dYt � xdt� dDivt) + e�r�LC jM
�
,

where LC = min
�
CL; L� LD

�
.

Di¤erential equations representing the prices One of the main advantages of the continuous

time setting is that we can represent values of the above securities in the form of di¤erential

equations. The next lemma guarantees such a convenient representation that avoids the use of

expected values.

Lemma 3 Suppose Wt evolves as

dWt = 
Wtdt� dIt + ��dZt

in the interval
�
R;W 1

�
until time � when Wt hits R and bankruptcy occurs. It is a non-decreasing

process that re�ects Wt at W 1. Let k be a real number and g :
�
R;W 1

�
! < be a bounded function.

When boundary conditions G (R) = L and G0
�
W 1

�
= �k are satis�ed, then the following two

conditions are equivalent

1. function G solves

rG (W ) = g (W ) + 
WG0 (W ) +
1

2
�2�2G00 (W )

2. and function G satis�es

G (W0) = E

�Z �

0

e�rtg (Wt) dt� k
Z �

0

e�r�dIt + e
�r�L

�
.
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Proof.

� )

Suppose �rst that G solves

rG (W ) = g (W ) + 
WG0 (W ) +
1

2
�2�2G00 (W )

and based on that we will show that it also satis�es

G (W0) = E

�Z �

0

e�rtg (Wt) dt� k
Z �

0

e�r�dIt + e
�r�L

�
.

De�ne the process

Ht =

Z t

0

e�rsg (Ws) ds� k
Z t

0

e�rsdIs + e
�rtG (Wt)

then if we take the Ito derivative of Ht we get

ertdHt =

�
g (Wt) + 
WtG

0 (Wt) +
1

2
G00 (Wt)�

2�2dt� rG (Wt)

�
| {z }

=0

dt�(k +G0 (Wt)) dIt+G
0 (Wt)��dZt

We also know that either Wt < W 1 and then dIt = 0 or for Wt � W 1 and then G0 (Wt) = �k,
therefore we have shown that H is a martingale. Because G is bounded, H is a martingale until

time � , so that

G (W0) = H0 = E [H� ] = E

�Z �

0

e�rtg (Wt) dt� k
Z �

0

e�r�dIt + e
�r�L

�
� ( This direction is missing in DS.

Remark The proof of this lemma is not complete in DS, because it is an "if and only if" condition

and it should be shown also in the other direction. However, to complete the proof is not very

di¢ cult and I will prove it both ways in Lemma 5, which is a slightly more general version of

Lemma 3.

Now, in order to compute the values of credit line, debt and equity, the following two functions

will be used,

G� (W ) = E
�
e�rtjW0 =W

�
and GI (W ) = E

�Z �

0

e�rtdItjW0 =W

�
.

5



From Lemma 3, we know that both of these functions solve the di¤erential equation:

rG (W ) = 
WG0 (W ) +
1

2
�2�2G00 (W )

with boundary conditions G� (R) = 1, G0�
�
W 1

�
= 0 and GI (R) = 0, G0I

�
W 1

�
= 1. Using G� we

can also compute

E

�Z �

0

e�rtjW0 =W

�
=
1

r
(1�G� (W )) .

Finally, formulas for the value of long-term debt, equity and credit line can be expressed as functions

of the continuation value Wt,

VD (M) =
x

r
(1�G� (W )) + LDG� (W )

VE (M) =
1

�
GI (W ) + LEG� (W )

VC (M) =
1

�

W 1 1

r
(1�G� (W ))�

1

�
GI (W ) + LCG� (W ) ,

where Wt =W
1 � �Mt.

We need the next lemma in order to describe the volatility of stock prices.

Lemma 4 Function GI (W ) is concave.

Proof. Suppose that GI were not concave somewhere on
�
R;W 1

�
, and let V = inf fG00I (W ) > 0g.

Then V > R and G00I (V ) = 0 by continuity of G
00
I . But then

1=2�2�2G000I (V ) = (r � 
)G0I (V )� 
V G00I (V ) = (r � 
)G0I (V ) < 0

so G00I (V + ") < 0 for all su¢ ciently small " > 0, which is a contradiction.

3 Equity price volatility

We know from the previous section that at time 0, if debt is risky, the value of equity is equal to

VE (M) = E

�Z �

0

e�rt
1

�
dItjW =W0

�
=
1

�
GI (W ) , where W =W 1 � �M .

But we might be interested also in the evolution of the stock price, that is, how it behaves at time

t > 0. This is very easy, we just need to condition on FZt and integrate from t to � rather than
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from 0 to � . So let us de�ne two new functions:

S (t;Wt) = E

�Z �

t

e�r(s�t)
1

�
dIsjFZt ;W =Wt

�
F (t;Wt) = E

�Z �

t

e�r(s�t)dIsjFZt ;W =Wt

�
.

Obviously we have

S (t;Wt) =
1

�
F (t;Wt)

and for t = 0, we have that F (0;W0) = GI (W0). We can now use S (t;Wt) in order to investigate

properties of the stock price volatility in the DS model. But before that we need to describe function

F . The next lemma is a direct generalization of Lemma 3, but here the proof is complete.

Lemma 5 Suppose Wt evolves as

dWt = 
Wtdt� dIt + ��dZt

in the interval
�
R;W 1

�
until time � when Wt hits R and bankruptcy occurs. It is a non-decreasing

process that re�ects Wt at W 1. Let F = F (t;Wt) be a C2 function with boundary conditions

F (� ;R) = 0 and @
@W F

�
t;W 1

�
= 1. Then the following two equations are equivalent:

1. Function F solves

rF (t;Wt) = Ft (t;Wt) + 
W
@

@W
F (t;Wt) +

1

2
�2�2

@2

@W 2
F (t;Wt)

2. and F satis�es

F (t;Wt) = E

�Z �

t

e�r(s�t)dIsjFZt ;W =Wt

�
.

Proof.

� )

Suppose that F solves rF (t;Wt) = Ft (t;Wt)+
W
@
@W F (t;Wt)+

1
2�

2�2 @2

@W 2F (t;Wt) and let

us show that it satis�es F (t;Wt) = E
�R �
t
e�r(s�t)dIsjFZt ;W =Wt

�
. De�ne

eHu = Z u

t

e�r(s�t)dIs + e
�r(u�t)F (u;Wu) .
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Then, using Ito�s lemma,

er(u�t)d eHu = dIu � rF (u;Wu) du+ Fu (u;Wu) du+ 
W
@

@W
F (u;Wu) du� @

@W
F (u;Wu) dIu +

+��
@

@W
F (u;Wu) dZu +

1

2
�2�2

@2

@W 2
F (u;Wu) du

and after rearranging,

er(u�t)d eHu =

�
Fu (u;Wu) + 
W

@

@W
F (u;Wu) +

1

2
�2�2

@2

@W 2
F (u;Wu)� rF (u;Wu)

�
| {z }

=0

du+

+

�
1� @

@W
F (u;Wu)

�
dIu + ��

@

@W
F (u;Wu) dZu.

From this equation we get

er(u�t)d eHu = �1� @

@W
F (u;Wu)

�
dIu + ��

@

@W
F (u;Wu) dZu

and we observe that eitherWu < W
1 and then dIu = 0 orWu �W 1 and then @

@W F (u;Wu) =

1, so eHu is a martingale, which implies:
F (t;Wt) = eHt = E h eH�i = E �Z �

t

e�r(s�t)dIsjFZt
�
.

� (

It is su¢ cient to show that eHu is a martingale if F (t;Wt) solves E
�R �
t
e�r(s�t)dIsjFZt

�
. So

let eHu be eHu = Z u

t

e�r(s�t)dIs + e
�r(u�t)F (u;Wu) .

We can show that eHu is a martingale using the law of iterated expectations. Let us assume
that t < u < t0 < � and then we need to show that E

h
E
h eHjFt0i jFui = E h eHjFui. First let
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us de�ne

eHt0 =

Z t0

t

e�rsdIs + e
�rt0F (t0;Wt0) = E

"Z t0

t

e�rsdIs + e
�rt0F (t0;Wt0) jFZt0

#
= E

h eHt0 jFZt0 i
eHu =

Z u

t

e�rsdIs + e
�ruF (u;Wu) = E

�Z u

t

e�rsdIs + e
�ruF (u;Wu) jFZu

�
= E

h eHujFZu i
F (t0;Wt0) = E

�Z �

t0
e�r(s�t

0)dIsjFZt0
�

F (u;Wu) = E

�Z �

u

e�r(s�u)dIsjFZu
�
.

With these we can show that the low of iterated expectations holds:

E
h
E
h eHt0 jFZt0 i jFZu i

= E

"Z t0

t

e�rsdIs + e
�rt0F (t0;Wt0) jFZu

#

= E

"Z u

t

e�rsdIs +

Z t0

u

e�rsdIs + e
�rt0E

�Z �

t0
e�r(s�t

0)dIsjFZt0
�
jFZu

#

= E

"Z u

t

e�rsdIs + e
�rt0E

"Z t0

u

e�rsert
0
dIsjFZu

#
+ e�rt

0
E

�Z �

t0
e�r(s�t

0)dIsjFZt0
�
jFZu

#

= E

"Z u

t

e�rsdIs + e
�rt0

(
E

"Z t0

u

e�r(s�t
0)dIsjFZu

#
+ E

�Z �

t0
e�r(s�t

0)dIsjFZt0
�)
jFZu

#

= E

"Z u

t

e�rsdIs + e
�rt0

(
E

"Z t0

u

e�r(s�t
0)dIsjFZu

#
+ E

�Z �

t0
e�r(s�t

0)dIsjFZu
�)
jFZu

#

= E

"Z u

t

e�rsdIs + e
�rt0E

"Z t0

u

e�r(s�t
0)dIs +

Z �

t0
e�r(s�t

0)dIsjFZu

#
jFZu

#

=

Z u

t

e�rsdIs + e
�rt0e�r(�t

0+u)E

�Z �

u

e�r(s�u)dIsjFZu
�

=

Z u

t

e�rsdIs + e
�ruF (u;Wu) = eHu = E h eHujFZu i

which proves that eHu is a martingale, so its drift must be equal to zero.
The following proposition describes the main result of this note. It states that an optimal

contract between the investors and the entrepreneur may induce stochastic volatility in the stock

prices and an asymmetric volatility smile.
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Proposition 6 When debt is risky, the volatility �E of equity value S (t;Wt) is stochastic for all

Wt < W 1. Stock price volatility �E increases with the amount drawn on the credit line Mt. For

all values W �W 1 the volatility of equity is �at. Therefore, stock price volatility �E in this model

exhibits the property called asymmetric volatility smile.

Proof. Since the stock price S (t;Wt) di¤ers from F (t;Wt) only by a constant factor of 1
� , then

we can use the above lemma 6, to �nd the Ito derivative of

dS (t;Wt) =

�
St (t;Wt) + 
WSW (t;Wt) +

1

2
�2�SWW (t;Wt)

�
dt+(1� SW (t;Wt)) dIt+�SW (t;Wt)| {z }

=�E

dZt

The Ito dynamics of S gives us the stock price volatility:

�E (t;W ) = �SW (t;Wt)

or equivalently

�E (t;W ) =
1

�
�FW (t;Wt)

Now, we need to describe some of the properties of function F . First, function F is increasing and

concave in W , that is for every t

FW (t;Wt) > 0

FWW (t;Wt) < 0.

In order to show that we need to observe that for �xed t

@

@W

�
@

@t
F (t;W )

�
= 0

and the rest of the proof follows exactly the same steps as the proof of Lemma 4.

Additionally, from Wt =W
1 � �Mt we get

@

@M
�E (t;W ) =

@

@M

�
1

�
�FW (t;Wt)

�
=
1

�
�
@

@W
FW (t;W )� @W

@M|{z}
=��

= ��FWW (t;W )| {z }
<0

> 0.

Summarizing, we can see that the volatility of the stock price is increasing in M :

@

@M
�E > 0,
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that is increasing in the draw on the credit line. The agent has to draw on the credit line when

the cash �ows are not su¢ cient to repay the coupon on the long-term debt. This also increases a

�rm�s leverage and credit risk. Altogether it means that when cash �ows drop, stock price volatility

increases. So we get an asymmetric stochastic volatility smile with a grin up in the direction of

negative cash �ows.

4 Conclusions

The interesting conclusion of this note is that the model is able to pin down a pattern of stock price

behavior that is usually attributed just to the human component. Under standard Brownian motion,

prices and behavior of securities are symmetric because the normal probability distribution of the

Wiener process neither favours moves up nor down. But in this model we can observe a volatility

smile. It is a smile with asymmetric grin up in the direction of higher draw on the credit line and

negative cumulative cash �ows. However, it is not due to investors getting increasingly nervous,

but it is only a side e¤ect of the contractual solution to the principal-agent problem. Importantly,

in this model volatility of stock prices increases in magnitude together with the increase in leverage

and credit risk.

References

[1] DeMarzo P. and Y. Sannikov, (2006), Optimal security design and dynamic capital structure in

a continuous-time agency model, Journal of Finance 61, 2681-2724

[2] Filipovíc D., (2009), Term structure models. A graduate course, Springer Finance

11


