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Abstract

We study a long-run risk model with a stochastic consumption growth rate,
a stochastic volatility, a stochastic jump intensity, and a stochastic mean re-
version level for the latter two processes.

First, using a square-root specification instead of the Ornstein-Uhlenbeck pro-
cess suggested by Drechsler and Yaron (2010) for the long-run mean reversion
level of uncertainty has far-reaching economic consequences: the equity risk
premium is increasing not only with short-run but also with long-run uncer-
tainty, and the predictive power of the current price-dividend ratio for future
excess returns increases and comes closer to empirically observed values.

Second, we distinguish between two sources of a time-varying uncertainty
of cash-flows, stochastic diffusive variance and stochastic jump intensity. We
find that for most effects caused by time-varying uncertainty, time-variation
in the jump intensity is much more important than time-variation in diffusive
volatility risk.

Third, the empirically observed low correlation between changes in the level
and changes in the slope of the implied volatility smile for the S&P 500 index
can only be matched with a model where jump intensity and conditional
variance are locally uncorrelated.

Keywords: Asset pricing, Epstein-Zin preferences, variance risk premium,
jump risk, stochastic volatility, level and slope of implied volatility smile

JEL: G12



1 Introduction and Motivation

Long-run risk (LRR) models introduced by Bansal and Yaron (2004) represent an

important class of approaches to explain asset pricing puzzles. The general idea be-

hind them is that consumption growth is affected by a slowly moving persistent,

but small source of risk which over the long run becomes relevant and makes con-

sumption growth very risky. Together with preferences of the Epstein-Zin type this

generates an equity premium which is significantly higher than that in standard

models with CRRA preferences and simpler dynamics for consumption growth.

Stochastic volatility of realized and expected consumption growth, also intro-

duced first by Bansal and Yaron (2004), generates an additional equity risk premium

and furthermore leads to stochastic volatility of equity returns. Since this seminal

paper much work has been done to extend the basic LRR model.1 Some papers have

added a second volatility factor or a stochastic mean reversion level for volatility.

Other papers also consider jumps in consumption or in the state variables with an

intensity which is usually assumed to be proportional to diffusive variance. The in-

clusion of a stochastic volatility channel implies that expected excess returns are no

longer constant. The richer dynamics lead to predictability of future excess returns

and induce a variance risk premium.

In this paper we study an LRR model with stochastic volatility, a stochastic

jump intensity, and a stochastic long-run level of diffusive and jump risk. While

1For extensions of the basic LRR model see, e.g., Eraker and Shaliastovich (2008), Bansal and

Shaliastovich (2011), Drechsler (2009), Zhou and Zhu (2009), Bansal and Shaliastovich (2010),

Benzoni, Collin-Dufresne, and Goldstein (2010), Drechsler and Yaron (2010), Wachter (2010), and

Wang and Bidarkota (2010).
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all three factors are related to the total level of uncertainty in the economy they

nevertheless capture different aspects of it. We find that they have significantly dif-

ferent implications for equity returns, the variance risk premium, and option prices.

The fine structure of time-variation in these uncertainty factors themselves matters

for explaining the dynamics of risk premia and the predictability of future excess

returns as well as the dynamics of the implied volatility smile.

The paper closest to ours is Drechsler and Yaron (2010) (DY hereafter). They

extend the LRR model by adding a stochastic process for the formerly constant mean

reversion level in the variance process and by including jumps in the state variables.

The resulting model is able to explain the observed large and positive variance risk

premium as well as the performance of this variance risk premium as a predictor

for future excess returns on the dividend claim. It also matches the patterns of time

variation both in the level and in the variance of these excess returns.

The most important general insight from the DY model is that to explain

the stylized facts about different asset classes, like equity and its variance, both a

stochastic diffusive variance and a stochastic jump intensity should be included as

state variables. However, in DY both of these sources of risk are driven by the same

state variable (and are thus locally perfectly correlated), since intensity is specified

as an affine function of conditional variance.

This choice of the specification for the dynamics of stochastic intensities is

indeed very common in the option pricing literature. For example, Bates (2000)

proposes a two-factor stochastic volatility model and makes the jump intensity an

affine function of the two volatility factors. Similarly, in her study on jump risk

premia, Pan (2002) models the Poisson intensity as a linear function of the condi-
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tional variance of stock returns. While such a specification is both convenient from

a modeling perspective and of course more general than assuming a constant inten-

sity, its empirical validity has been questioned, e.g. in a recent empirical study by

Santa-Clara and Yan (2010). They state that the ”... estimated correlation between

the increments of the diffusive volatility and jump intensity is quite low, at 0.17.”

(p. 444). This suggests that a model where the stochastic jump intensity is locally

perfectly correlated with the conditional variance is potentially misspecified.

Figure 1 shows the time-series plots of monthly observations for the level and

the slope of the implied volatility smile for options on the S&P 500 index for the

period from 1996 to 2006. Already a first inspection of the graphs shows that the

two quantities tend to move rather independently and are by no means perfectly

correlated. The empirical correlation between changes in level and slope measured

over the given period is 0.07. Indeed we find that a model where variances and

intensities are tied together firmly is unable to reproduce this low correlation. We

therefore introduce an additional stochastic factor independent of the conditional

variance, and make the jump intensity proportional to a weighted average of these

two factors.2

Relaxing the assumption of a perfect correlation between two random vari-

ables obviously reduces the overall amount of long-run uncertainty in the economy.

To make the independent intensity case comparable to the old specification with a

proportional intensity we recalibrate the model such that it again reproduces the

asset pricing moments observed in the data. This recalibration yields a parametriza-

2In our numerical analysis of this more flexible model we only consider the case where intensity

is locally uncorrelated with volatility.
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tion of the model with a lower probability for intensity jumps than for variance

jumps and higher average jump sizes for both. While only one source of uncertainty

(diffusive variance or intensity) can jump at any given point in time, it will jump

by more every time it does.

A second issue which we analyze in our paper is the choice of the type of

stochastic process for the long-run mean of stochastic volatility. Here we modify the

DY setup by introducing a square-root diffusion for the long-run mean of volatility

instead of the original Ornstein-Uhlenbeck (OU) dynamics. Besides the more techni-

cal aspect that the square-root process guarantees non-negativity of the underlying

variable, we prefer this choice for its superior economic implications. With an OU-

specification expected returns do not vary with the level of long-run uncertainty

in the economy, i.e., the market price of risk for this factor is constant due to its

constant conditional volatility. However, an important economic implication of this

fact, namely that the expected excess return increases if the current (short-run) level

of uncertainty increases, but does not react to an increase in the (long-run) mean

reversion level, seems rather counterintuitive. With our square-root specification the

level of long-run uncertainty not only adds to the level of the equity risk premium,

but also to its variation over time.

The main contributions of our paper are as follows. First, introducing the

square-root specification for the long-run mean of conditional volatility yields the

economically sensible result that expected excess returns not only depend on the

current level of uncertainty but also on its long-run mean. Furthermore we achieve a

significant improvement in the goodness of fit of the predictive regressions of future

excess returns on the dividend claim on the current p-d ratio, taking us much closer
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to the values observed in the data than the DY model. For example, with a square-

root process for the long-run mean of volatility the regression of five-year excess

returns on the current p-d ratio exhibits an R2 of roughly 18 percent, compared to 12

percent for the OU specification in DY, and to 23 percent in the data. The intuition

behind this improvement in predictability is as follows: Future excess returns are

predictable via the current p-d ratio, because both expected excess return and the

p-d ratio are functions of the short-run uncertainty factors, ’stochastic volatility’

and ’stochastic intensity’, and these variables are themselves predictable. With a

square-root specification for the long-run mean, excess returns also depend on this

variable, while in the case of an OU process they do not. Putting it differently, in

the square-root case the current value of long-run volatility has informational value

for future excess returns via its impact on expected excess returns, while this is not

true in the OU case considered in the DY paper.

Second, decoupling jump intensities and conditional variances allows us to

separately analyze the role of diffusive and jump risks. With an intensity which

is strictly proportional to the conditional variance, it is only the total amount of

uncertainty in the economy which matters, but not its distribution across different

types of risk factors. This would not be much of a problem, if separating the two

risk sources just resulted in their contributions to the output of the model being

roughly equal. We find, however, that rather the opposite is true. The variance

risk premium is almost exclusively driven by jump risk (represented in our model

by the independent factor driving the jump intensity). Variation in the expected

excess returns on the dividend claim is driven by changes in all three uncertainty

factors, where the jump intensity is most important, followed by current diffusive
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uncertainty, while the the long-run level of uncertainty comes in third.

Third, as indicated above, we are interested in matching the (potentially sur-

prisingly) low correlation between changes in the level and in the slope of the implied

volatility smile for indices like the S&P 500. When the intensity is proportional to

the conditional variance, we never observed values for this correlation in our sim-

ulations below 0.5, in most cases it even exceeded 0.6. With locally uncorrelated

processes for intensity and variance on the other hand, it goes down to about 0.07

and thus perfectly explains the value observed in the data.

The remainder of this paper is organized as follows. In Section 2, we introduce

the model setup, and show how the equilibrium is derived for our model economy.

In Section 3, we present the results of our analysis of asset pricing moments and

predictive regressions. Section 4 concludes.

2 Model Setup

2.1 The Investor

We assume a continuous time endowment economy with a single perishable consump-

tion good. The preferences of the representative agent are described by a recursive

utility function introduced by Epstein and Zin (1989). In discrete time this utility

function is given by:

Ut =
[
(1− β)C

1−γ
θ

t + β
(
Et(U

1−γ
t+1 )

) 1
θ

] θ
1−γ

. (1)

We denote utility and consumption at time t by Ut and Ct, respectively. β is the

investor’s subjective discount factor. The parameter θ is defined as 1−γ
1− 1

ψ

, where ψ > 1
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and γ > 1 denote the elasticity of intertemporal substitution (EIS) and the relative

risk aversion parameter, respectively. θ will be negative, given the restrictions on γ

and ψ.

The recursive utility specification allows to choose the level of relative risk

aversion and the EIS independently of each other. For the special case γ = 1
ψ

, the

preferences in (1) collapse to the usual power utility specification where the EIS is

just the inverse of relative risk aversion. In the case where γ > 1
ψ

the investor has a

preference for early resolution of uncertainty.

2.2 The Economy

Our economy is described by the processes for consumption and dividends, as well

as for a set of state variables governing the future cash flow dynamics, all collected

in the n-dimensional vector Y . The first and the last element of Y are the log of

consumption (i.e. ct ≡ lnCt = e′cYt with ec = (1, 0 . . . 0)′) and the log of dividends

(i.e., δt ≡ lnDt = e′δYt with eδ = (0, . . . 0, 1)′), respectively. The remaining n − 2

elements of Y are the state variables which, in our setup, are the long-run growth

factor and a number of ’uncertainty factors’ which will be described in detail below.

The dynamics of Y are given by the following system of stochastic differential

equations:

dYt = µ(Yt)dt+G(Yt)dWt + ξtdNt (2)

where W is an n-dimensional Brownian motion and N is an m-dimensional Poisson

process with intensity l(Yt). The jump sizes are collected in the n×m-matrix ξt with

typical element ξt,ij representing the change in variable i caused by a jump in Poisson
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process j at time t. The drift µ(Yt), the variance-covariance matrix G(Yt)G(Yt)
′ of

the diffusion terms, and the vector of jump intensities l(Yt) is assumed to be an affine

function of the state variables. This model setup closely follows the specification in

Eraker and Shaliastovich (2008).

The reference model for our analysis is the continuous-time version of the

specification in DY. There the authors assume that the dynamics of consumption

and dividends are driven by a long-run growth risk factor and a stochastic volatility

component, whose long-run mean is also time-varying. Both the long-run growth

factor and the stochastic volatility are subject to jumps in two independent Poisson

processes (m = 2). The jump intensities are driven exclusively by the stochastic

volatility factor (of which they are an affine function), so that the two variables are

locally perfectly correlated.

We extend this setup proposed by DY in two directions. First, we relax the

assumption just described concerning jump intensities and conditional variance by

including an additional stochastic factor governing the evolution of the jump inten-

sity, possibly together with the conditional variance (in the sense of the intensity

being a weighted average of the conditional variance and our new factor). This al-

lows us to decompose the current amount of ’total risk’ in the economy into the

amount of jump risk (represented by the level of the jump intensity) and the quan-

tity of diffusive uncertainty (represented by the current level of conditional diffusive

variance). So in our model there might well be an increase in jump risk without

a simultaneous increase in diffusion risk, and vice versa, while this would not be

possible in the DY setup.

Second, we assume that the long-run mean of the stochastic volatility compo-
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nent follows a square-root instead of an OU-process, so that in our model this long-

run mean stays positive with probability one. Besides representing a fundamentally

important modeling improvement (guaranteeing that the long-run variance stays

positive) this change has profound implications for theoretical asset pricing results

as well as for the ability of the model to explain stylized facts in the data. Imposing

a stochastic volatility for the long-run mean of economic uncertainty results in a

direct dependence of expected excess returns on this factor, which is the key to the

better performance of our model when it comes to predicting future excess returns

by the current p-d ratio.

Put together the vector of cash flow and state variables is given by Y =

(c, x, σ2, α, σ̄2, δ)′. As introduced by Bansal and Yaron (2004) x is a small persistent

component that captures long-run risks in the growth rate of consumption and divi-

dends. Stochastic volatility is driven by two components. σ2 controls the conditional

diffusive variance of consumption, dividends, and the state variables, and σ̄2 is its

long-run mean. The state variable α is the second component (besides σ2) which

drives the stochastic jump intensity.

The drift of Y at time t is given by

µ(Yt) = M +K Yt =



µc

0

0

0

κσ̄ ¯̄σ2

µδ


+



0 1 0 0 0 0

0 −κx 0 0 0 0

0 0 −κσ 0 kσ,σ̄ 0

0 0 0 −κα kα,σ̄ 0

0 0 0 0 −κσ̄ 0

0 φ 0 0 0 0





ct

xt

σ2
t

αt

σ̄2
t

δt


, (3)

where, e.g., kσ,σ̄ denotes the loading of the drift of σ2 on σ̄2.
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The consumption and the dividend process have a drift of µc+xt and µδ+φxt,

respectively. φ > 1 plays the role of a ‘leverage factor’, since dividends, which are paid

by (presumably levered) firms, have a larger exposure to changes in the economic

environment than consumption. The long run risk factor x reverts to a long run

mean of zero, so that we can interpret its current value as the deviation of expected

consumption growth from its long run mean.

σ2, α, and σ̄2 are all modeled as mean-reverting processes with the respective

mean-reversion speeds κσ, κα, and κσ̄. While σ̄2 mean-reverts to its long run mean ¯̄σ2,

the other two state variables σ2 and α are driven back towards the stochastic mean-

reversion levels kσ,σ̄
κσ

σ̄2
t and kα,σ̄

κα
σ̄2
t , respectively. In our numerical analysis below we

choose kσ,σ̄ and kα,σ̄ such that the long-run means of all three processes are equal to

one.3

The conditional covariance matrix for the diffusion components, G(Yt)G(Yt)
′,

is given as

G(Yt)G(Yt)
′ =



gcc 0 0 0 0 gcδ

0 gxx 0 0 0 0

0 0 gσσ 0 0 0

0 0 0 gαα 0 0

0 0 0 0 gσ̄σ̄ 0

gcδ 0 0 0 0 gδδ


(4)

3Note that, in contrast to standard specifications without jumps there is a difference here

between the mean reversion level of a process and its long-run mean.
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where

gjj = σ2
j (wjσ

2
t + 1− wj) j ∈ {c, x, σ, δ}

gαα = σ2
α(wααt + 1− wα)

gσ̄σ̄ = σ2
σ̄(wσ̄σ̄

2
t + 1− wσ̄) (5)

and

gcδ = wcδσcσδ

(√
wcwδσ

2
t +

√
(1− wc)(1− wδ)

)
.

The entries on the main diagonal of the variance-covariance matrix in (4) represent

the conditional variances of the elements of Y , and gcδ is the conditional covariance

between consumption growth and dividend growth. The weights wj (j ∈ {c, x, σ, δ})

determine to what degree the conditional variance of the respective variable is af-

fected by the conditional variance process σ2. wα and wσ̄ have an analogous in-

terpretation. The weights are restricted to be between zero and one, and in our

parametrization we set wc = 0.5, wδ = 0.125, and wx = 1.4 Setting wσ = wα = 1, as

we will do below, implies that both σ2 and α follow classical square-root processes

(albeit with jumps). The choice of wσ̄ determines a key feature of the model, namely

if σ̄ follows an OU process (wσ̄ = 0), or if this variable is governed by a square-root

process (wσ̄ = 1). Since we choose the processes for σ2, α, and σ̄2 such that their

long-run means are equal to one, σc, σδ, σx, σσ, σα, and σσ̄ are the average diffusion

volatilities of consumption growth, dividend growth, and the state variables.

In order to stay within the affine model class we impose a zero correlation

between any pair of square-root processes. For reasons of parsimony, we introduce

a non-zero correlation only between the shocks to the dividend and the consump-

4The numerical values of all parameters can be found in Table 1.
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tion process in our calibrations. The specification of the covariance term between

consumption and dividends follows the one suggested in DY, and we set wcδ = 0.2.

For future reference, we will also write the variance covariance matrix as the

sum of a matrix of constants and additional summands containing matrices repre-

senting the impact of state variables:

G(Yt)G(Yt)
′ = h+Hσσ

2
t +Hααt +Hσ̄σ̄

2
t (6)

where h, Hσ, Hα, and Hσ̄ are assumed to be symmetric and positive definite.

The consequences of the choice of wσ̄ in (5) become immediately visible in

(6). In the OU case the variance of σ̄2 is given by h(5, 5) = σ2
σ̄, while Hσ̄ is equal

to the zero matrix so that the current level of σ̄2 does not have an impact on the

conditional variance-covariance matrix. In the square-root case Hσ̄ will have the

non-zero element Hσ̄(5, 5) = σ2
σ̄, and h(5, 5) = 0. This difference between the two

specifications will become important below, when we analyze expected excess returns

on risky assets.

Finally, we turn to the jump components. In our model, the long-run growth

factor x, the stochastic variance σ2, and the intensity factor α are subject to jumps,

so that the Poisson process N in Equation (2) is three-dimensional. As usual we

assume that the there are no simultaneous jumps in the different Poisson processes,

i.e. there are no joint jumps in the state variables. Concerning the jump size dis-

tributions we assume that jumps in x are normal. Jumps in σ2 and α have to be

positive, and we rely on exponential distributions here. The intensities of the jumps

l(Yt) ∈ R3 are modeled as an affine function of the state variables, i.e.

l(Yt) = l0 + l1Yt,
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with l0 ∈ R3 and l1 ∈ R3×6. To keep the model tractable we assume that the jump

intensities only depend on σ2
t and αt. We can thus rewrite the elements lit of the

intensity vector at time t as

lit = l̃i,0 + l̃i,1
[
(1− ϕi)σ2

t + ϕiαt
]

i = x, σ, α. (7)

Setting ϕi equal to zero or one in (7) results in a jump intensity which is either

perfectly correlated with the stochastic diffusion variance σ2, as in DY, or moves

independently of it. Setting 0 < ϕi < 1 generates an intermediate case, where the

intensity is no longer perfectly correlated with either σ2 or α. In our parametrization

we set l̃i,0 = 0, l̃i,1 > 0, and ϕi ≡ ϕ for all i.

2.3 The Equilibrium

In this section we summarize the equilibrium solution for our model. A detailed

derivation can be found in Eraker and Shaliastovich (2008).

The Euler equation reads

Et

[
Mt+h

Mt

e
∫ t+h
t d lnRi,s

]
= 1 (8)

where M and d lnRi denote the stochastic discount factor and the log return on an

asset or portfolio i, respectively. The dynamics of the pricing kernel in continuous

time are given by

d ln(Mt) = θ ln(β)dt− θ

ψ
dct − (1− θ)d lnRc,t, (9)

where d lnRc,t is the log-return on the consumption claim at time t. To solve for

this log-return, Eraker and Shaliastovich (2008) approximate it via log-linearization
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following Campbell and Shiller (1988):

d ln(Rc,t) = k0dt+ k1dvt − (1− k1)vtdt+ dct. (10)

vt is the log wealth-consumption ratio, and k0 and k1 ∈ (0, 1) are called ’linearization

constants’, which depend on the average log wealth-consumption ratio (details are

given in Appendix A.1).

vt is assumed to be an affine function of Yt, i.e.

vt = A0 + A′1Yt, (11)

where A0 and A1 together with k0 and k1 solve a non-linear system of equations given

in Appendix A.1. With Epstein-Zin preferences and γ > 1/ψ one obtains A1x < 0,

where A1x is the component related to x in the vector A1. Furthermore, A1σ, A1α,

and A1σ̄ are all negative (see again Appendix A.1). Plugging the above expression

for vt into (10) yields

d lnRc,t = [k0 − (1− k1)A0 − (1− k1)A′1Yt] dt+ (k1A1 + ec)
′dYt.

Together with Equation (9), this yields the dynamics of the pricing kernel, from

which we can then derive the risk-free rate and the market prices of risk. The risk-

free rate is rt = r0 + r′1Yt, where the coefficients r0 and r1 are given in Appendix

A.2. The market prices of risk are collected in the vector Λ ∈ R6 with

Λ = γec + (1− θ)k1A1.

Jumps in x are assumed to be normally distributed with mean µξx ≤ 0 and variance

σ2
ξx . Their intensity under the risk-neutral measure Q is given by the intensity under

the physical measure P, multiplied by the term exp{−(1 − θ)k1A1xµξx + 0.5(1 −

14



θ)2k2
1A

2
1xσ

2
ξx} > 1. The mean jump size under Q is equal to µξx − (1 − θ)k1A1xσ

2
ξx ,

the variance does not change.5 With θ < 0 and A1x > 0 jumps in the long-run risk

factor x are thus more negative and more frequent under Q than under P.

Jumps in the conditional variance σ2 and in the intensity factor α exhibit simi-

lar characteristics. Their Q-intensities are equal to the P-intensities multiplied by the

terms (1 + (1− θ)k1A1σµV )−1 > 1 and (1 + (1− θ)k1A1αµα)−1 > 1, respectively. The

mean jump sizes under Q are (1+(1−θ)k1A1σµV )−1µV and (1+(1−θ)k1A1αµα)−1 µα,

which are both greater than their counterparts under P, µV and µα, given that A1σ

and A1α are negative.

Once we know the pricing kernel, we can price any other claim, given its future

payoffs. The log return on the dividend claim can be approximated like the log return

on the consumption claim:

d lnRδ,t = kd0dt+ kd1dvδ,t − (1− kd1)vδ,tdt+ dδt (12)

where vδ,t denotes the log p-d ratio, again assumed to be affine in Yt:
6

vδ,t = Ad0 + A′d1Yt.

Plugging the expression for vδ,t into the approximation in (12) yields

d lnRd,t = [kd0 − (1− kd1)Ad0 − (1− kd1)A′d1Yt] dt+ (kd1Ad1 + eδ)
′dYt. (13)

The exposure of the return to the risk factors is thus given by ω ≡ kd1Ad1 + eδ. The

expected excess return then follows from these exposures and the market prices of

5For details of the computation of risk-neutral jump intensities and mean jump sizes we again

refer to Eraker and Shaliastovich (2008).
6Details on the computation of the coefficients Ad0 and Ad1 and the linearization constants kd0

and kd1 are given in Appendix A.3.
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risk. For the dividend claim, the expected excess return (i.e, the equity premium) is

E[d lnRd,t]

dt
− (r0 + r′1Yt) (14)

= ω′
(
h+Hσσ

2
t +Hααt +Hσ̄σ̄

2
t

)
Λ

− 0.5ω′
(
h+Hσσ

2
t +Hααt +Hσ̄σ̄

2
t

)
ω

+
∑

i=x,σ2,α

li,t

(
kd1Ad1,iE

[
ξi
]

+ E
[
e−(1−θ)k1A1iξ

i
]
− E

[
e(kd1Ad1,i−(1−θ)k1A1i)ξ

i
])

The first term on the right-hand side gives the premia for diffusive risk, while the

second represents a Jensen correction term. The three terms of the sum are the

premia for jump risk in x, σ2, and α.

As with CRRA, there will be a premium for consumption diffusion risk equal

to the product of relative risk aversion γ and the covariance of dividend risk with

consumption risk, gcδ (see Equation (4)). With Epstein-Zin preferences, however,

state variables are also priced. Given γ > 1
ψ

the dependence of the p-d ratio on the

state variables is in line with intuition, since it increases with x and decreases with

the uncertainty factors. The premium on the long-run growth rate x is then positive,

since both the exposure of the stock price and the market price of risk are positive.

Furthermore the premia on the uncertainty factors σ2, α, and σ̄2 are also very likely

to be positive, since the negative exposures are multiplied by negative market prices

of risk. Put together, the premia on all diffusive risk factors are positive.

To assess whether these premia are constant or vary over time, note that they

are proportional to the local diffusion (co)variances of the dividend and of the state

variables. As pointed out above it is especially the type of stochastic process for σ̄

which is important here. The expected excess return thus increases in σ2 and —

when the jump intensities and the conditional variance are not perfectly correlated
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— also in α. When σ̄2 is modeled as an OU process like in the DY model, the

expected excess return on the dividend claim will not depend on the level of this

variable (its contribution will only enter the matrix of constants h), whereas with our

square-root specification changes in σ̄ will have an immediate effect on the equity

risk premium.

The premia for jumps in x, σ and α depend on the exposures kd1Ad1 of the p-d

ratio to the state variables, on the market prices of risk, and on the jump intensity.

As discussed above jumps in x are more frequent and more negative under the risk-

neutral than under the true measure. Together with the fact that the stock price is

increasing in x, this will result in a positive contribution of the premium for x to the

total risk premium on the dividend claim. A similar argument shows that the premia

for jumps in σ2 and α have to be positive, since the p-d ratio loads negatively on

these two variables, their jump intensities are higher under Q than under P, and the

mean jump size is greater under the risk-neutral than under the physical measure.

Furthermore, the jump part of the equity risk premium is proportional to the jump

intensity, which is an affine function of α and σ2.

2.4 Variance Risk and Variance Risk Premium

In our analysis of the model we will also run predictive regressions of future excess

returns on the dividend claim on the current variance risk premium. The variance

risk premium is defined as the difference of the expected quadratic variation of the

return over a time interval τ under the risk-neutral measure Q and the physical
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measure P, i.e. it is given by the expression

EQ
t

[∫ t+τ

t

(d lnRd,s)
2

]
− EP

t

[∫ t+τ

t

(d lnRd,s)
2

]
. (15)

Note that a positive variance risk premium implies that the investor is actually

willing to accept a negative average return on an asset with positive exposure to

variance risk.7

To compute the variance risk premium, we start with the squared local return

on the dividend claim. From (13) one obtains

(d lnRd,t)
2 = (kd1Ad1 + eδ)

′ (dYtdY
′
t ) (kd1Ad1 + eδ)

= (kd1Ad1 + eδ)
′ [G(Yt)G(Yt)

′dt+ ξtdiag(dNt)ξ
′
t] (kd1Ad1 + eδ),(16)

which comprises the variance due to diffusion risk and the contribution of jumps to

the squared return. Taking expectations under the physical measure P yields

EP
t

[
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2
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2
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+
∑
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2EP

t

[
(ξit)

2
]
dt. (17)

An analogous formula gives the expectation under the risk-neutral measure Q.

7Examples for papers dealing with the variance risk premium are Bollerslev, Sizova, and Tauchen

(2011), Bollerslev, Tauchen, and Zhou (2010), Carr and Wu (2009), Egloff, Leippold, and Wu

(2010), and Todorov (2010).
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By integrating (17) from t to t+ τ one obtains the P-expectation in (15):
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where
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Again, the corresponding quantity under Q can be computed in just the same fash-

ion. Closed form solutions to the integrals in (18) can be found in Appendix A.4.

Taking the difference of the two expectations finally yields an expression for the

variance risk premium as defined in (15). Since the variation of the stock return

arises because the dividend and the p-d ratio are exposed to diffusive and jump risk,

the total variance risk premium can consequently be decomposed into the premia for

these two types of risk. In our model the local diffusion variance is stochastic (repre-

sented by the first term in Equation (17)) and depends on the state variables σ2, α,

and σ̄2 which all have different dynamics under P and Q, so that that there will be

a non-zero premium for diffusive variance risk. Since all of these ’uncertainty state

variables’ have a mean which is greater under Q than under P, their contribution to

the variance risk premium is positive.

The jump-related part of the variance risk premium is driven by the differences

in the average jump sizes and intensities under P and Q. Since jumps are more

extreme and more frequent under the risk-neutral than under the physical measure,

this part of the premium is also positive.
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3 Numerical Results

3.1 General Approach

In our analysis we compare three models. The first is the DY model with an OU

process for the long-run mean of variance σ̄2 and a jump intensity which is perfectly

correlated with the stochastic variance σ2. In the model which we call ’Extension 1’

we replace the OU process for σ̄2 by a square-root process, while ’Extension 2’ refers

to the model where we additionally introduce the autonomous intensity process α

and then recalibrate the model.

Since our model extends the DY setup, we use their parameters as a starting

point for our calibration. Note that DY specify their model in discrete time and

report the parameters for a monthly frequency, while we use a continuous time

model and work with annual numbers. We thus first rewrite our model in discrete

time and match the parameters with the values given in DY. Transforming the model

back to continuous time then gives what we call the ’base case’, i.e., the continuous-

time formulation of the DY model. As in DY, the preference parameters are set to

γ = 10, ψ = 2, and β = 0.9881. All the parameters for the three alternative models

are shown in Table 1.

We rely on Monte Carlo simulation to compute cash flow and asset pricing

moments as well as the statistics for coefficients and R2-values in the predictive

regressions. Our approach follows DY in that the simulation results are based on

1,000 runs over 77 years each, where the dynamics of all variables are discretized

with a time step of one day. Nevertheless, due to the Euler discretization which we

apply to the system of stochastic differential equations, negative values can occur
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for σ, α, and σ̄. If this happens these negative values are replaced by a small positive

number.8

The model output has to be compared to data at some point. The respective

first columns in Tables 2, 6, 7, and 8 show the empirical values for cash flow and

asset pricing moments and for the predictive regressions using the p-d ratio and the

variance risk premium as right-hand side variables.

We use the S&P 500 index as the empirical proxy for the dividend claim.9 Con-

sumption data are taken from the National Income and Product Accounts (NIPA)

tables of the Bureau of Economic Analysis (BEA).10 Consumption is defined as

per-capita consumption of non-durable goods and services. These figures have to

be converted into real terms, where we use the personal consumption expenditure

(PCE) deflator from the BEA. Dividends are computed using the difference between

returns on a stock market index with and without dividends, as in Bansal, Dittmar,

and Lundblad (2005). The cash flow and asset pricing moments (except the variance

premium) are computed over the period from 1930 to 2006. The statistics for the

variance risk premium (computed as in DY as the difference between the expecta-

tions of the integrated variance of the dividend claim over the next 30 days under the

risk-neutral and the physical measure, respectively) are based on the period from

January 1990 to March 2007.

8We replace a value below ε = 2−52 (which is the floating point precision in Matlab) by 2ε

minus this value, i.e. we reflect along the value of ε.
9The empirical characteristics of the CRSP index are very similar to those of the S&P 500, so

they are not shown.
10See http://www.bea.gov/national/nipaweb/Index.asp and

http://www.bea.gov/national/nipaweb/DownSS2.asp)
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In our analysis of the model we will also consider the level and the slope of

the implied volatility smile of options on the S&P 500 index. The statistics for these

characteristics are based on a sample of volatility surfaces provided by OptionMetrics

for the same period as the one for the variance risk premium. We define the level

of the implied volatility as the implied Black-Scholes volatility of a 1-month at-the-

money option, and the slope as the difference between the implied volatilities of an

option with a moneyness (defined as the option’s strike price divided by the current

index level) of 0.975 and the at-the-money option.

When comparing different model specifications it must be made sure that the

models do not already differ with respect to the fundamental cash flow dynamics.

Table 2 shows the moments of consumption and dividend growth for the different

versions of our model. It is obvious that these moments are very similar across all

three alternative models, so that they could not be readily distinguished based just

on the time-series characteristics of the cash flow variables. Furthermore, the descrip-

tive statistics from the model are also generally close to the data. The only exception

is the correlation between log dividend growth and log consumption growth, which

is higher in the data than in the model. Other than that basically all of the empir-

ical moments are located between the 5th and the 95th percentile of the simulated

model data.

22



3.2 Asset Pricing

3.2.1 DY

The model with an OU process for σ̄2 and an intensity proportional to σ2 is the

continuous-time version of DY. We will now provide a detailed discussion of the

results for this specification and focus on the respective roles of jump and diffusion

risk. This gives us a benchmark against which we will later assess the economic

implications of the proposed modifications in the setup.

The first thing we are interested in is how the state variables impact quantities

like the wealth-consumption ratio, the p-d ratio, and expected excess returns. The

wealth-consumption ratio at time t, vt, is given as vt = A0+A′1Yt with A1c = A1δ = 0.

The coefficients for the four state variables x, σ2, α, and σ̄2 are shown in Panel A

of Table 3. The numbers shown for the DY model here seem to suggest that v

is mainly driven by the long-run growth factor x with a coefficient of A1x ≈ 1.7,

while the uncertainty variables σ2 and σ̄2 are less important with coefficients equal

to or smaller than 0.03 in absolute value. When taking the typical volatility levels

of the different variables into account (see Table 1) we find, however, that a one

standard deviation change in any of them would have roughly the same effect on

the wealth-consumption ratio.11

For the p-d ratio (Panel B) we obtain a similar result, with the numerical

11For the long-run growth rate x a one standard deviation change due to diffusion risk causes

a change in the wealth-consumption ratio of A1xσx = 0.01485. For a jump in x this number is

A1xσ(ξx) = 0.01560, while for σ2 the corresponding numbers are −0.00504 for a diffusive and

−0.01061 for a jump-driven change. For σ̄2 the impact of a typical change in the diffusive risk

factor is −0.01179.
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values of the effects of changes in the state variables being much larger than in the

case of the wealth-consumption ratio due to the fact that the dividend dynamics are

levered relative to consumption.12

It is interesting to compare the impact of σ2 and σ̄2, the two factors determining

the evolution of diffusive uncertainty in the economy in the short and in the long

run, on the various quantities shown in Table 3. We find that a given change in σ̄2

has a much larger impact on the wealth-consumption ratio (by a factor of around

8) than an equally large change in σ2. The main reason for this more pronounced

sensitivity is that, with a low speed of mean reversion of κσ̄ = 0.018, σ̄2 is much more

persistent than σ2 (κσ = 3.6), and an investor with Epstein-Zin utility is particularly

concerned about long-run risk factors. Equation (A.2) in Appendix A.1 shows that

for k1 = 1 the sensitivities of the wealth-consumption ratio to σ2 and to σ̄2 would be

linked via A1,σ̄ = kσ,σ̄
κσ̄

A1,σ. The importance of σ̄2 is thus increasing in its persistence

(i.e., in κ−1
σ̄ ) and in its impact on σ2 (i.e., in kσ,σ̄).13

The impact of σ2 on the wealth-consumption ratio is the greater the more

12The numbers are 0.0543 for the change in the p-d ratio due to a one standard deviation shock

in the diffusive part of x and 0.0571 for a jump. For σ2 the effect of a one standard deviation change

due to diffusion risk is −0.0343, for a jump it is −0.0722, while for σ̄2 a one standard deviation

shock of the diffusive factor moves the p-d ratio by = −0.0659.
13Note that without jumps in σ2, kσ,σ̄ = κσ, so that the relative importance of the two ’volatility

factors’ would be determined solely by the ratio of their respective persistence levels, and the more

persistent factor would be more important. With jumps in σ2, kσ,σ̄ is decreasing in the intensity

and average size of these jumps (jumps have a positive contribution to the long-run mean, and if

we want to keep the long-run mean of σ2 at a certain value, we have to reduce the mean-reversion

level). This smaller impact of σ̄2 on σ2 consequently decreases the overall impact of this variable

on the wealth-consumption ratio.
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pronounced its persistence, as we show in Appendix A.1. Note here that the current

uncertainty σ2 influences the wealth-consumption ratio via several channels simul-

taneously. First there is the direct impact on the volatility of consumption growth

via the diffusion component in the dynamics for c. Second, σ2 affects the dynamics

of x via the diffusion component, and as the driving force behind the jump intensity

dynamics. Third, it drives its own volatility and jump intensity.

The relevance of the different channels can be assessed by comparing the value

of A1σ in the full model to the situation when the respective channel is closed. It turns

out that a time-varying intensity for jumps in the state variables is very important in

general, whereas time-varying diffusion risk mainly matters for x.14 This difference

between jump and diffusion risk is the main reason why we introduce the more

general specification where the intensity and the diffusion channel are separated.

The results for the p-d ratio (Panel B) are qualitatively the same as those for the

wealth-consumption ratio. Numerically, the effects are larger, of course, due to the

inherent leverage of dividends relative to consumption.

Next we turn to the expected excess (log) returns on the dividend claim. The

coefficients of the state variables are shown in Panel C of Table 3). Table 4 then

presents a detailed decomposition of the expected excess return on the dividend

claim into its components. For each of the models considered in our analysis the

rows of this table show the variables delivering contributions to the expected excess

return, either through diffusive or through jump components. For example, the total

14Additional calculations show that A1σ drops from its value of −0.00416 in Panel A of Table 3

to −0.00319 if we set wc = 0, to −0.001751 for wx = 0, to −0.00192 if we close down its impact

onto the intensity of jumps in x and assume a constant intensity instead, and finally to −0.003794

for wσ = 0 and to −0.001224 if we close down its impact onto its own intensity.
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equity risk premium in the DY model is 6.05%. As shown in the upper panel of

Table 4 the share of diffusive risk in the total equity premium is 2.45%, for jump

risk this number is 3.60%, and one can see from the table how the two summands are

in turn generated by the different risk factors in the model. The exposure to x earns

on average 1.31% for diffusion risk and 1.20% for jump risk. For σ2 the corresponding

numbers are 0.26% and 2.40%, which reflects the fact that most of the variation in

σ2 is due to jumps. The long-run mean σ̄2 does not jump, so it can only contribute

through diffusive risks (on average 1.19%). The part of the risk premium which is

due to the correlation of dividends with consumption can be neglected, due to a

Jensen correction term it even turns out to be negative (−0.31).

Finally, Tables 3 and 4 show that the expected excess return is increasing in σ2.

Looking at the column for σ2, one can see that its total contribution is 5.208% times

its stationary mean of 1, yielding the corresponding number 0.05208 in Table 3 as the

coefficient for σ2 in the equity premium in the DY model. To get the intuition note

that the contribution of the risk factors to the equity risk premium is proportional to

their current exposure to diffusion and jump risk (see equation (14)). The premium

for diffusion risk, e.g., is proportional to σ2 for x and for σ2 (since wx = wσ = 1)

while it is constant for σ̄2 due to the OU-specification. The premium for jumps in x

and σ2 is proportional to the jump intensity and thus again to σ2.

As can be seen by comparing the values from the data (first column in Table 6)

to those generated by the DY model (next four columns in Table 6), the model is

close to the data with respect to most quantities of interest in terms of empirical fit.

Exceptions are the level of the log p-d ratio, which is on the low side relative to the

data, and its volatility, which is roughly twice as high in the data as in the model.
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The volatility of the risk-free rate seems way too low compared to the data. This

issue has already been discussed in Beeler and Campbell (2009) who argue that

the low model volatility is simply the consequence of not incorporating inflation

into the model. So when the (real) risk-free rate in the data is computed as the

difference between a nominal rate and realized inflation, it automatically becomes

more volatile than in a model which does not include inflation from the start.

We are also interested in the properties of the variance risk premium. The

premium is calculated for a horizon of 30 days and then annualized. Analogous to

Table 4, Table 5 shows the contributions of the cash flow and the state variables,

again divided into a diffusive and a jump part.

The variance risk premium represents a compensation to investors for bearing

uncertainty about future return variance. As becomes immediately obvious from the

numbers in the table the jump components are much more important than diffusive

risks. Of the total variance risk premium of 96 basis points almost 93 come from

jump components, so that the diffusive contribution is basically negligible. As can

be seen from Table 5 the premium for jumps in σ2 is much larger (87.7 bps) than

the one for jumps in x (5 bps). The intuition here is that jumps in x have zero

mean, while jumps in σ2 are positive. Jumps in σ2 are thus always bad news for the

investor, while jumps in x are symmetric around zero and will thus represent a ’good’

innovation in 50 percent of the cases. Risk aversion still introduces an asymmetry

between positive and negative shocks of the same size, but nevertheless the effect

for x is much weaker, and so is the associated premium. A comparison with the

empirical properties of the variance risk premium shows that the DY model tends

to generate premia which are slightly too low, while the volatility of the premium
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and its higher moments are matched quite well.

Finally, we take a look at the performance of the DY model with respect to the

characteristics of the implied volatility smile. While the level generated by the model

is close to the empirically observed value, this is not the case for the slope. However,

as we will see below, it is in general difficult for models of the type discussed in this

paper to match the data here. The most striking discrepancy between the data and

the model appears with respect to the correlation between the changes in the level

and the slope of the smile. The value of less than 0.07 in the data shows that the

two characteristics of the smile move basically independently, while the DY model

indicates that they are strongly positively correlated. Of course, this is a direct

consequence of the fact that the jump intensity is locally perfectly correlated with

the conditional variance. As discussed in Yan (2011) the slope of the smile is a good

proxy for jump risk, while the level of the smile for short-term options is mostly

driven by diffusive volatility, so that with the jump intensity being proportional to

the amount of diffusive risk, level and slope simply have to co-move strongly, which

is not in accordance with the data.

3.2.2 Extension 1

This first extension modifies the DY setup by replacing the OU-specification for σ̄2

by a square-root process. The overall picture is that the total amount of risk in

the economy increases, thus prices decrease and risk premia increase. For example,

Table 3 shows that the log p-d ratio decreases from an average value of 2.95 for the

DY case to on average 2.83 for the new specification. Similarly, the average expected

excess return on the dividend claim goes up from 6.05% to 6.77%. The intuition be-
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hind this increase in overall risk is that the volatility of σ̄2 is no longer deterministic,

but now varies with its own level, and this additional channel makes this factor more

important. Its impact on the wealth-consumption and the p-d ratio increases in ab-

solute values from −0.034 to −0.044 and from −0.19 to −0.26, respectively (Table

3), while the coefficients for the other variables remain more or less unchanged. In

sum this causes the valuation ratios to decrease. In line with this intuition Table 4

shows that the risk premium due to the exposure to σ̄2 significantly increases from

around 1.2% to (on average) 2.1% for the dividend claim.

Compared to the benchmark setup of DY the expected excess return on the

dividend claim now depends on σ̄2, whereas its loading was zero in the OU case. As

pointed out above the level of the equity risk premium depends on the variance due

to diffusion risk and on the jump intensities (see Equation (14)). Switching from an

OU to a square-root specification for σ̄2 implies that the formerly constant variance

of σ̄2 is now proportional to it. Therefore both the risk-free rate and the expected

excess returns on the dividend claim explicitly depend on this variable. In numbers,

the contribution of σ̄2 to the equity risk premium increases from 1.2% to on average

2.1%. The other variables contribute about as much to the equity risk premium as

they did before.

The economic consequences of the specification change are that a positive shock

to σ̄2 now has three effects. The first two, namely that this immediately increases

the overall level of long-run uncertainty in the economy and that it subsequently

leads to an increase in the level of diffusion and jump risk via a higher mean-

reversion level for σ2, were already present in the DY case. The third effect is new:

conditional expected excess returns are now also a function of the level of this long-
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run uncertainty, so that the investor instantaneously requires a higher expected

return when the expected future level of uncertainty increases, i.e. when the investor

forecasts worse developments of the economy in the future. In the benchmark setup,

on the other hand, the expected excess return only increases when the short-run

uncertainty factor increases. Comparing the model to the data (see the columns

labeled ’Extension 1’ in Table 6) shows that the volatility of the p-d ratio, although

still somewhat low, is now higher and thus closer to the data.

Finally, we take a look at the variance risk premium. Table 5 shows that it is

lower for the square-root specification than for the DY model (87 basis points vs.

96 basis points). The diffusive part of the premium increases marginally, while the

jump part decreases substantially, at least in relative terms, from 92 basis points

to 83 basis points. Due to the relatively short horizon of 30 days the variance risk

premium is mainly paid for jump risk, i.e. for jumps in the return of the dividend

claim due to jumps in x and σ2, and the premium for jumps in σ2 is still by far the

largest component of the variance risk premium. With the additional channel for

σ̄2 this factor has become more important than in DY, while the impact of short-

run uncertainty σ2 has decreased slightly. Consequently, the variance risk premium,

which is mainly a premium for jumps in σ2, also decreases.

As before, the last set of stylized facts we look at are those concerning the

smile. The main point one has to note here is that the correlation between the

changes in the level and the slope of the smile is still far too high compared to the

data. The numerical values for level, slope, and this correlation are ver similar to

those for the DY model. This shows that the specification of the dynamics for σ̄2 is

not the key to matching option-related moments in the data.
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3.2.3 Extension 2

Our second extension relaxes the assumption that the jump intensity l is perfectly

correlated with the stochastic variance σ2. We introduce an autonomous intensity

process α which is independent of σ2.

Since the separation of the intensity from the variance process reduces the

overall amount of uncertainty in the economy, so that we have to recalibrate the

model. The parameters are shown in Table 1. The most important characteristic of

this recalibration is that now the average intensity for jumps in the jump intensity

itself (represented by α) is 0.1, compared to an average intensity of 0.8 for jumps

in σ2. Furthermore, the average jump size in α and σ2 is now 5.8, compared to 2.55

before. More than doubling the average jump size is motivated by the fact that jumps

in α and σ2 occur independently and that now jumps in α are much less frequent

than were intensity jumps in the DY model and our Extension 1. Finally, σ2 is now

more volatile with a higher mean reversion speed, while exactly the opposite is true

for α.

In terms of cash flow moments this new variant of the model cannot be distin-

guished from any of the previous specifications. Concerning asset pricing moments

shown in Table 6 the expected excess return on the dividend claim is now 5.7% and

thus lower than in DY and in Extension 1, but very close to the data. The risk-free

rate is slightly below 1 percent and thus also very close to its empirical value. Con-

cerning the variance risk premium we obtain an improvment compared to the other

models, representing again a step closer to the data.

In terms of the quantitative output of the model the overall picture is not

surprising. There is now less overall risk in the model due to the independence of
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the variance and the intensity processes, which implies higher valuation ratios as

shown in Table 3. The new factor α of course influences the wealth-consumption as

well as the p-d ratio, but the sum of the coefficients for σ2 and α in the new model

is (in absolute terms) less than the previous coefficient of σ2. The coefficient for σ̄2

is also lower than before: σ̄2 drives the long-run level of σ2 and α, and when the

latter two are less important together than the ’old’ σ2 alone, their long-run level

will also be less important as a determinant of both valuation ratios.

The main point of our new specification is that we can now distinguish between

the impact of the amount of diffusion risk (represented by σ2) and the amount of

jump risk (represented by α). Table 3 shows that the coefficient for α in the p-d

ratio is much larger in absolute terms than the one for σ2. Intensity risk is thus

much more relevant than the risk of adverse changes in volatility. Now that σ2 has

lost its double role as diffusive and jump-related risk factor, it is only responsible

for the less important diffusion.

Looking at the coefficients of the state variables in the expected excess return

on the dividend claim in Table 3 we find again that α (with a coefficient of 0.0293) is

more important than σ2 (with a coefficient of 0.01374). Table 4 further shows for x-

risk the total diffusive and jump premia are about the same (1.33% for diffusive risk,

and 1.22% for jump risk). Jumps in the uncertainty factors α and σ2 still command

higher premia than diffusive risks. For example, for α the jump-related premium is

more than ten times the one for diffusion risk (1.51% vs. 0.13%), so that the overall

weight of α in explaining time-variation in expected excess returns is greater than

that of σ2.

The variance risk premium is mainly driven by jump risk, i.e. by α. Here, jumps
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in α are most important, and the second largest component is the premium for the

variance caused by jumps in x with a similar size as in the model with proportional

intensity. Since we have separated diffusion and jump risk we can now pin down the

main driver of the variance risk premium. It is almost exclusively paid for jumps in

the intensity process α, while jumps in σ2 hardly matter.

Concerning option-related moments we find that decoupling intensities from

conditional variance, as also previously suggested in the option pricing literature

by Santa-Clara and Yan (2010), indeed represents a significant step forward. The

correlation between the changes in the level and the slope of the smile is now per-

fectly explained by the model. Concerning the smile level the model also produces

very good results. As stated above, matching the numerical value for the slope is a

problem common to all specifications analyzed in this paper. In further work one

could try to mitigate this problem by allowing for correlations between the state

variables and by introducing a negative average jump size in x. We opted for leaving

the state variables uncorrelated in our parametrization to be able to clearly identify

the structural roles of jump intensity and diffusive variance.

3.3 Predictability

3.3.1 Prediction via the Price-Dividend Ratio

We regress excess returns and cash flow growth (dividends and consumption) on the

lagged value of the p-d ratio. Note that the p-d ratio is computed similar to the way

it is computed in the real world in that the current price of the dividend claim is

divided by the average of the twelve monthly dividends paid over the previous year.
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The first column in Table 7 shows the values in the data, while the other columns

present the results for different models.

We first analyze the DY model. Consumption growth is predictable with R2

values ranging from 10.4% for a one year horizon to 9.8% for a five year horizon. The

same pattern is observed for dividend growth, where the goodness of fit decreases

from 17% for a one year horizon to 8% for five years. The intuition for the existence

of predictability is that both consumption and dividend growth depend on x and

thus vary over time. This part can be predicted due to the autocorrelation in x.

Since the p-d ratio also depends on x, it can be used as a predictor for the two

cash flow variables. A higher x implies both a greater p-d ratio and a higher future

consumption and dividend growth, so that the coefficients in these regressions should

be (and actually are) positive.

More importantly, excess return are also predictable. The values for the R2

in the predictive regressions range from 7% for a one year horizon to 12% for a

prediction horizon of five years. The fact that excess returns are predictable is rooted

in their dependence on σ2, which follows an autocorrelated process and is thus

itself predictable. The p-d ratio shares this dependence on σ2 and is thus a sensible

predictor (of course, it also depends on x and σ̄2, so it can only be a noisy predictor

of future excess returns). Excess returns increase in σ2, while the p-d ratio decreases

with σ2, so the regression coefficients should be (and actually are) negative.

When the prediction horizon increases, so does R2. The mechanics behind this

result are as follows. Over the short run the predictability of excess returns via the

p-d ratio is driven by the fact that future values of σ2 strongly depend on its current

level. Over the medium term the high speed of mean reversion in σ2 makes it less
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powerful as a predictor, and predictability comes more from the level of long-run

uncertainty σ̄2 which is much more persistent than σ2.15

For the model with a square-root specification for σ̄2 (Extension 1) we observe

a significant increase in the predictability of excess returns by more than 50% for

longer horizons. The predictive regression for three and five year excess returns now

exhibit values for R2 of more than 15% and 18%, respectively, compared to 10.5%

and 11.9% in the DY case. This massive improvement in longer-term predictability

is a further key contribution in economic terms of our modification of the DY setup.

It takes the model much closer to the data, since Table 7 shows an empirical R2 of

17% and 23% for a three and a five year horizon, respectively.

The intuition behind this result is that according to Equation (14) the expected

excess return now also depends on σ̄2.16 This means that the predictable part of

the excess return now represents a larger share of the total, so that there is more

potential for predictability.

For the cash flow variables the degree of predictability decreases, most pro-

nounced for shorter horizons. For example, the R2 for the regression of one year

dividend growth on the current p-d ratio drops from 17.1% in the DY case to 12.4%,

which brings us again closer to the data (where the corresponding value is 8.6%).

The reason for this effect is that the impact of σ̄2 on the predictive variable p-d ra-

tio has increased compared to the OU case. Table 3 shows that the coefficient Ad1,σ̄

goes up in absolute terms from −0.19 to −0.26. On the other hand the coefficient

15For very long horizons also this variable would become useless as a predictor, and predictability

would vanish completely.
16Remember that, with a square-root process for σ̄2, Hσ̄ in Equation (6) is no longer the zero

matrix.
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for x remains basically unchanged. Predictability of cash flow growth is based on

the dependence of the p-d ratio on x, but it has now become harder to ’extract’ x

from the p-d ratio due to the stronger impact of σ̄2. For longer horizons one has to

admit that the model has a hard time to match the data. Despite the fact that R2 is

decreasing slightly, it is still way too high compared to the data. This is a problem

common to all the specifications analyzed in our paper and remains a challenge for

the further development of asset pricing models.

We now look at our ’Extension 2’ model. The main effects of a separation

of jump intensity and diffusive variance have already been discussed above in Sec-

tion 3.2. Concerning the predictability of excess returns the separation of l̃ from σ2

causes lower values for R2. Both the p-d ratio and excess returns are now driven by

both α and σ2, but with different weights for the two variables. Table 3 shows that

the relative importance of α versus σ2 is much higher for the p-d ratio than for the

expected excess return. So the current p-d ratio is a noisier signal for future excess

returns than in the case when both quantities did not depend on α, which causes

the decrease in R2. Note, however, that the average values for R2 are still above

those produced by DY for horizons of 3 and 5 years.

The predictive regressions for the cash flow variables now exhibit a higher R2

than for Extension 1. The mechanics behind this results are that the sum of the

coefficients for σ2 and α in the expression for the p-d ratio is smaller than the coef-

ficient for σ2 in Extension 1. The degree of predictability of the cash flow variables

is generally reduced by the fact that the p-d ratio depends on other variables than

x. Since this dependence is now less pronounced, the explanatory power of the p-d

ratio increases.
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3.3.2 Prediction via the Variance Risk Premium

We now regress future cash flow growth and excess returns on the current value

of the variance risk premium. Note that we now consider much shorter prediction

horizons of one to five months instead of one to five years as before. As usual, the

first column of the table (here Table 8) shows the empirical evidence, and the model

results are presented in the remaining columns.

In the DY case the R2 for the prediction of excess returns ranges from 3%

(one month) to 10% (five months). Similar to the discussion for predictions based

on the p-d ratio the fundamental reason for a non-zero R2 in these regressions is that

both the variance risk premium and expected excess return depend on σ2. However,

due to the high speed of mean-reversion in σ2 it is only over the short run that

this variable can potentially have predictive power at all. In contrast to predictions

based on the p-d ratio σ̄2 cannot ’take over’ as predictor over longer horizons, since

the impact of the long-run mean on the variance risk premium is basically negligible

with a coefficient of 0.00057 (see Table 3).

For the regressions with cash flow growth on the left-hand side we observe

very small values for R2, with a maximum of 1.7% for consumption growth and less

than 1% for dividend growth. This is perfectly in line with intuition, since cash flow

growth rates depend on x, while the variance risk premium does not.

For ’Extension 1’ predictability of excess returns decreases slightly. The argu-

ment here is analogous to the explanations given above. With a square-root specifi-

cation expected excess return are now also driven σ̄2 instead of just by σ2 and x, but

the impact of σ̄2 on the variance risk premium is still negligible (and even smaller

than in the DY case). All the other findings for this case are basically the same as
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for DY.

’Extension 2’ delivers smaller R2 values for the predictive regressions than the

DY model. Their results are somewhat on the high side compared to the data, while

our models tend to understate the predictive power of the variance risk premium

slightly. The main driver behind the predictive power of the variance risk premium

is the intensity component α, and not the conditional variance σ2, as it may seem

given the DY results. The advantage of our extension is that we can now clearly

identify which of the two roles of σ2 in the DY model is actually responsible for

predictability, and it is the fact that it drives the intensity of jumps.

4 Conclusion

In this paper we analyzed an LRR model with a stochastic growth rate and stochastic

uncertainty, driven by a stochastic variance, a stochastic intensity, and a stochastic

mean-reversion level of the latter two. Our benchmark model is Drechsler and Yaron

(2010), who introduced a stochastic long-run mean for the conditional variance pro-

cess as well as jumps in the Bansal and Yaron (2004) framework. This extension of

the fundamental LRR model was able to match stylized facts in the data, like the

predictability of excess returns by the current p-d ratio and the current variance risk

premium pretty well.

We generalize and extend the DY model in two important dimensions. First, we

separate diffusive risk from jump risk by introducing an autonomous process driving

the intensity of jumps. In DY the conditional variance process plays a double role:

It obviously and naturally represents the amount of diffusive risk in the economy,
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but at the same time the jump intensity is a constant multiple of it, so that the

evolutions of the amounts of jump and diffusive risk are perfectly correlated. Based

on empirical results from the option pricing literature we relax this assumption.

The main advantage of our more general setup is that it enables us to analyze

the true driving force behind the results generated by the DY model explicitly. In

our model it is straightforward to decide whether a result based on the presence

of stochastic uncertainty in DY is due to this uncertainty representing diffusive

stochastic volatility or time-variation in jump intensity. One of the key new insights

we gain from our analyses is that it is almost exclusively jump risk which generates

a substantial variance risk premium. For the equity premium we also find that the

jump intensity is the more important factor, although here stochastic volatility is

also relevant.

Furthermore, disentangling stochastic intensity and stochastic variance is key

to explaining the empirically very low correlation between changes in the level and in

the slope of the volatility smile. While models with a proportional intensity result in

correlations well above 0.5, a model with independent intensity can perfectly explain

the empirical number.

Second, we replace the OU specification chosen by DY for the long-run mean

of the conditional variance by a square-root process. From a technical point of view

this modification can be easily justified by the fact that it guarantees non-negativity

of the process, while an OU process has normal transition densities, resulting in a

positive probability for negative future values.

The even more important aspect of this new choice for the dynamics of the

long-run mean is that it also has far-reaching economic implications. With the
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volatility of the long-run mean depending on its own level in the square-root case,

expected excess returns also depend on it. This implies that they not only increase

when the (short-run) variance or the jump intensity goes up, but also when the

economy becomes more risky in the long run (with a higher long-run mean for the

variance process). Due to this additional dependence of expected excess returns on

the long-run mean of the conditional variance, future excess returns can be predicted

much better than in the DY model. At the same time the larger impact of the long-

run mean on the p-d ratio reduces its predictive power for future consumption and

dividend growth. These gains bring the model closer to the data.

The next step in the development of the LRR model could be take the un-

observability of conditional variances, their long-run means and the long-run risk

factor explicitly into account in equilibrium and to study the implications of this

new setup for risk premia, expected returns, and volatilities.
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A Solving for the Equilibrium

A.1 Consumption Claim

The log wealth consumption ratio is

vt = A0 + A′1Yt,

and the Campbell-Shiller approximation for the log return on the consumption claim
is

d ln(Rc,t) = k0dt+ k1dvt − (1− k1)vtdt+ dct.

The coefficients A0 and A as well as the linearizing coefficients k0 and k1 solve the
non-linear system of equations

0 = K ′χ− θ(1− k1)A1 + 0.5Ξ + l′1(Ψ(χ)− e)′

0 = θ (ln(δ) + k0 − (1− k1)A0) +M ′χ+ 0.5χ′hχ+ l′0(Ψ(χ)− e)′

0 = A0 + A′1µY − ln k1 + ln(1− k1)

0 = − ln(k1) + (1− k1)A′1µY − k0 − (k1 − 1)A0

where K is from Equation (3), χ = θ
((

1− 1
ψ

)
ec + k1A1

)
, ec = (1, 0, 0, 0, 0, 0)′, and

e = (1, 1, 1). Ξ is a 6 × 1-vector with entries given by Ξ3 = χ′Hσχ, Ξ4 = χ′Hαχ,
Ξ5 = χ′Hσ̄χ, and Ξ1 = Ξ2 = Ξ6 = 0. Ψ denotes the moment-generating function of
the jump-size distribution. For a vector u ∈ R6, it is defined as

Ψ(u) = EP
[
eu
′ξ
]

where the exponent u′ξ of the exponential function is a 1× 3-vector and where the
exponent is evaluated componentwise. Ψ(u) is then also a 1× 3-vector. Finally, µY
denotes the mean of the state variables Y , where the entries are set to zero for the
non-stationary state variables consumption and dividends.

We now look in more detail at the first set of equations, which give the coef-
ficients A1 for the state variables as a function of k1. Plugging in K, the variance-
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covariance matrices Hσ, Hα, and Hσ̄ and the specification of the jumps gives
0 0 0 0 0 0
1 −κx 0 0 0 φ
0 0 −κσ 0 0 0
0 0 0 −κα 0 0
0 0 kσ,σ̄ kα,σ̄ −κσ̄ 0
0 0 0 0 0 0

 θ



1− 1
ψ

+ k1A1c

k1A1x

k1A1σ

k1A1α

k1A1σ̄

k1A1δ

− θ(1− k1)


A1c

A1x

A1σ

A1α

A1σ̄

A1δ



+0.5θ2



0
0(

1− 1
ψ

)2

σ2
cwc + (k1A1x)

2 σ2
xwx + (k1A1σ)2 σ2

σwσ

(k1A1α)2 σ2
αwα

(k1A1σ̄)2 σ2
σ̄wσ̄

0



+


0 0 0
0 0 0
l1xσ l1σσ l1ασ
l1xα l1σα l1αα
0 0 0
0 0 0


 E

[
eθk1A1xξx − 1

]
E
[
eθk1A1σξσ − 1

]
E
[
eθk1A1αξα − 1

]
 = 0

where the quantities l1ij represent the part of the intensity of jumps in variable i
which depends on the current level of variable j.

From the first and the last line, it immediately follows that A1c = A1δ = 0.
Rewriting the second line and dividing by θ gives

1− 1

ψ
− κxk1A1x − (1− k1)A1x = 0

which can be solved for A1x:

A1x =
1− 1

ψ

1− k1 + k1κx
.

After dividing by θ the fifth line yields

kσ,σ̄k1A1σ + kα,σ̄k1A1α − κσ̄k1A1σ̄ − (1− k1)A1σ̄ + 0.5θ (k1A1σ̄)2 σ2
σ̄wσ̄ = 0

which is equivalent to

(1− k1 + k1κσ̄)A1σ̄ − 0.5θ (k1A1σ̄)2 σ2
σ̄wσ̄ = k1 (kσ,σ̄A1σ + kα,σ̄A1α) . (A.1)

If σ̄2 follows an OU-process, wσ̄ = 0, and we obtain

A1σ̄ =
k1

1− k1 + k1κσ̄
(kσ,σ̄A1σ + kα,σ̄A1α) . (A.2)
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Since the only impact of σ̄ on the consumption and dividend dynamics is via the
mean-reversion levels of σ2 and α, the coefficient A1σ̄ depends on the coefficients
A1σ and A1α. We will show below that A1σ and A1α are negative, so that A1σ̄ is also
negative.

If σ̄2 follows a square-root process, wσ̄ = 1. Then, the left hand side of Equation
(A.1) increases, and the negative value of A1σ̄ for which the (negative) left hand
side of Equation (A.1) equals the given (negative) term k1 (kσ,σ̄A1σ + kα,σ̄A1α) on
the right hand side decreases further, i.e. becomes more negative. This is also in
line with intuition, since σ̄ now has an impact on its own volatility. The additional
channel makes σ̄ more important, and the coefficient A1σ̄ increases in absolute terms.

To get an approximate solution for A1σ and A1α, we first use a second order
Taylor expansion of the exponential function. This gives

E
[
eθk1A1xξx − 1

]
≈ θk1A1xE [ξx] + 0.5 (θk1A1x)

2E
[
(ξx)2]

and analogous approximations for the other two exponential terms.

The equation for A1σ then becomes

−θκσk1A1σ − θ(1− k1)A1σ

+0.5θ2

((
1− 1

ψ

)2

σ2
cwc + (k1A1x)

2 σ2
xwx + (k1A1σ)2 σ2

σwσ

)
+l1xσ

(
θk1A1xE [ξx] + 0.5 (θk1A1x)

2E
[
(ξx)2])

+l1σσ
(
θk1A1σE [ξσ] + 0.5 (θk1A1σ)2E

[
(ξσ)2])

+l1ασ
(
θk1A1αE [ξα] + 0.5 (θk1A1α)2E

[
(ξα)2]) = 0.

Dividing by θ and sorting terms gives

(1− k1 + k1 (κσ − l1σσE [ξσ]))A1σ − 0.5θk2
1

(
σ2
σwσ + l1σσE

[
(ξσ)2])A2

1σ

= 0.5θ

(
1− 1

ψ

)2

σ2
cwc + l1xσ

(
k1A1xE [ξx] + 0.5θ (k1A1x)

2E
[
(ξx)2])

+ l1ασ
(
k1A1αE [ξα] + 0.5θ (k1A1α)2E

[
(ξα)2]) (A.3)

In a similar way, we get the equation for A1α:

(1− k1 + k1 (κα − l1ααE [ξα]))A1α − 0.5θk2
1

(
σ2
αwα + l1ααE

[
(ξα)2])A2

1α

= l1xα
(
k1A1xE [ξx] + 0.5θ (k1A1x)

2E
[
(ξx)2])

+ l1σα
(
k1A1σE [ξσ] + 0.5θ (k1A1σ)2E

[
(ξσ)2]) (A.4)

If the intensity of the jumps is proportional to σ2, l1xα = l1σα = 0, and the right-hand
side of Equation (A.4) is equal to zero, so that A1α = 0. The state variable α thus
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only has an impact on the wealth-consumption ratio if it influences the intensity of
jumps in the other state variables x or σ.

In the simplest case, both the volatility and the jump intensity of α are con-
stant, i.e. wα = l1αα = 0. Then

A1α =
1

1− k1 + k1κα

[
l1xα

(
k1A1xE [ξx] + 0.5θ (k1A1x)

2E
[
(ξx)2])

+ l1σα
(
k1A1σE [ξσ] + 0.5θ (k1A1σ)2E

[
(ξσ)2]) ]

If the average jump size in x is non-positive and if A1σ < 0 (which we will show
below), the right hand side of Equation (A.4) is negative. This implies that A1α is
negative, too.

If the volatility of α or the intensity of jumps in α depends on α, we have
wα > 0 and l1αα > 0. Then, the left hand side of Equation (A.4) increases, and by
a similar argument as above, A1α decreases further, i.e. becomes more negative.

Finally, we look at the equation for A1σ. The term on the right hand side differs
from zero if σ has an impact on the diffusion volatility of consumption or on the
intensity of jumps in the other state variables x and α. The first term which arises
due to the impact of σ on the dividend volatility is negative for sure, and the other
two terms are negative, too, if the average jump size in x is non-positive. Again, we
then look at the simplest case first in which σ has no impact on its own diffusion
volatility and on the intensity of jumps in its own level. Then, it holds that

A1σ =
1

1− k1 + k1κσ

[
0.5θ

(
1− 1

ψ

)2

σ2
cwc

+ l1xσ
(
k1A1xE [ξx] + 0.5θ (k1A1x)

2E
[
(ξx)2])

+ l1ασ
(
k1A1αE [ξα] + 0.5θ (k1A1α)2E

[
(ξα)2]) ],

which is negative.

If the volatility of σ or the intensity of jumps in σ depends on σ, we have
wσ > 0 and l1σσ > 0. Then, the left hand side of Equation (A.3) increases, and by
a similar argument as above, A1σ decreases further, i.e. becomes more negative.

A.2 Market Prices of Risk and Risk-Free Rate

Plugging the expression for the log return on the consumption claim into the pricing
kernel gives

d lnMt = . . . dt− Λ′G(Yt)dWt − Λ′ξtdNt
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where the vector Λ denotes the market prices of risk and is given by

Λ = (1− θ)k1A+ γec.

From the expected change of the pricing kernel, we also get the local risk-free rate

rt = r0 + r′1Yt

where

r0 = −θ ln δ − (1− θ) ln k1 + (1− θ)(1− k1)A′µY + Λ′M − 0.5Λ′hΛ− l′0(Ψ(−Λ)− e)′

r1 = (1− θ)(1− k1)A+K ′Λ− 0.5Ξr − l′1(Ψ(−Λ)− e)′

where Ξr is a 6 × 1-vector with entries given by Ξr,3 = Λ′HσΛ, Ξr,4 = Λ′HαΛ,
Ξr,5 = Λ′Hσ̄Λ, and Ξr,1 = Ξr,2 = Ξr,6 = 0.

A.3 Dividend Claim

The log price dividend ratio is

vd,t = Ad0 + A′d1Yt,

and the Campbell-Shiller approximation for the log return on the dividend claim is

d ln(Rd,t) = kd0dt+ kd1dvd,t − (1− kd1)vd,tdt+ dδt.

The coefficients Ad0 and Ad1 as well as the linearizing coefficients kd0 and kd1 solve
the non-linear system of equations

0 = K ′χd + (1− θ)(1− k1)A1 − (1− kd1)Ad1 + 0.5Ξd + l′1(Ψ(χd)− e)′

0 = θ ln(δ) + (1− θ) ln k1 − (1− θ)(1− k1)A′1µY − ln k1d + (1− k1d)A
′
1dµY

+M ′χd + 0.5χ′dhχd + l′0(Ψ(χd)− e)′

0 = Ad0 + A′d1µY − ln kd1 + ln(1− kd1)

0 = − ln(kd1) + (1− kd1)(Ad0 + A′d1µY )− kd0

where χd = θkd1Ad1 +ed−Λ and where ed = (0, 0, 0, 0, 0, 1)′. Ξd is a 6×1-vector with
entries given by Ξd,3 = χ′dHσχd, Ξd,4 = χ′dHαχd, Ξd,5 = χ′dHσ̄χd, and Ξd,1 = Ξd,2 =
Ξd,6 = 0. Ψ denotes the moment-generating function of the jump-size distribution.
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A.4 Variance Risk and Variance Risk Premium

The variance swap rate is the expectation of the quadratic variation from t to t+ τ
under the risk-neutral measure Q

EQ
t

[∫ t+τ

t

(d lnRd,s)
2

]
= (kd1Ad1 + eδ)

′
(
h τ +HσE

Q
t

[∫ t+τ

t

σ2
sds

]
+HαE

Q
t

[∫ t+τ

t

αsds

]
+Hσ̄E

Q
t

[∫ t+τ

t

σ̄2
sds

])
· (kd1Ad1 + eδ)

+
(
(kd1Ad1,x)

2EQ
t

[
(ηxt )2

]
+ (kd1Ad1,σ)2EQ

t

[
(ησt )2

]
+ (kd1Ad1,α)2EQ

t

[
(ηαt )2

])
·
(
l̃Q0 τ + l̃Q1

(
ϕαE

Q
t

[∫ t+τ

t

αsds

]
+ (1− ϕα)EQ

t

[∫ t+τ

t

σ2
sds

]))
where the jump intensities and the distribution of the jump sizes under the risk-
neutral measure are given in Section 2. Both the expected quadratic variation and
the variance swap rate depend on the expectations of the integrals over the state
variables. We now solve for this expectation under P, and the calculation under
Q proceeds analogously. First, the dynamics of the state variables give an ode for
EP
t [Ys]

dEP
t [Ys] =

(
M +KEP

t [Ys]
)
ds+ EP

t [ξs]
(
l0 + l1E

P
t [Ys]

)
ds

=
(
M + EP

t [ξs] l0
)
ds+

(
K + EP

t [ξs] l1
)
EP
t [Ys] ds.

Solving this ode gives

EP
t [Ys] = exp

{(
K + EP

t [ξs] l1
)

(s− t)
} [
Yt +

(
K + EP

t [ξs] l1
)−1 (

M + EP
t [ξs] l0

)]
−
(
K + EP

t [ξs] l1
)−1 (

M + EP
t [ξs] l0

)
.

The integral over the expectation from t to t+ τ can then be calculated as

EP
t

[∫ t+τ

t

Ysds

]
=

(
K + EP

t [ξs] l1
)−1
(
e(K+EP

t [ξs]l1)τ − I
)(

Yt +
(
K + EP

t [ξs] l1
)−1 (

M + EP
t [ξs] l0

))
−
(
K + EP

t [ξs] l1
)−1 (

M + EP
t [ξs] l0

)
τ,

where I denotes the identity matrix.
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Table 1:
Parameters

Common parameters for all models

γ ψ β
10 2 0.9881

µc σc wc
0.0192 0.022863 0.5000

µδ φ σδ wδ wcδ
0.0192 2.5000 0.130320 0.1250 0.2

κx σx wx E[ξx] V ar[ξx] l̃x,0 l̃x,1 ϕx
0.2880 0.008779 1.0000 0.0000 0.000085 0.0000 0.8000 0.0000

κσ̄ σσ̄
0.1800 0.346410

DY

kσ,σ̄ κσ σσ wσ E[ξσ] l̃σ,0 l̃σ,1 ϕσ
1.5600 3.6000 1.212436 1.0000 2.5500 0.0000 0.8000 0.0000

wσ̄
0.0000

Extension 1

kσ,σ̄ κσ σσ wσ E[ξσ] l̃σ,0 l̃σ,1 ϕσ
1.5600 3.6000 1.212436 1.0000 2.5500 0.0000 0.8000 0.0000

wσ̄
1.0000

Extension 2

kσ,σ̄ κσ σσ wσ E[ξσ] l̃σ,0 l̃σ,1 ϕσ
1.4400 6.0800 1.385641 1.0000 5.8000 0.0000 0.8000 1.0000

kα,σ̄ κα σα wα E[ξα] l̃α,0 l̃α,1 ϕα
1.4400 2.0200 1.039230 1.0000 5.8000 0.0000 0.1000 1.0000

wσ̄
1.0000

The table gives the parameters for the four models we consider in our analysis. ’DY’
is the model suggested by Drechsler and Yaron (2010) with an OU process for σ̄2, the
long-run mean of variance, and a jump intensity which is perfectly correlated with the
stochastic volatility process. In ’Extension 1’ the OU process for σ̄2 is replaced by a square-
root process, while ’Extension 2’ refers to the model where we additionally introduce the
autonomous intensity process α.
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Table 3:
Coefficients of the State Variables in Asset Pricing Moments

DY Ext. 1 Ext. 2 DY Ext. 1 Ext. 2

A: Log Wealth-Consumption Ratio B: Log Price-Dividend Ratio

average 4.53328 4.46227 4.58057 average 2.94984 2.82906 3.06257
k0 0.05888 0.06236 0.05667 kd0 0.19776 0.21518 0.18254
k1 0.98937 0.98860 0.98985 kd1 0.95026 0.94423 0.95532
const. 4.57149 4.51090 4.62256 const. 3.16825 3.11693 3.30682
x 1.69165 1.68850 1.69363 x 6.18395 6.10294 6.25370
σ2 -0.00416 -0.00411 -0.00042 σ2 -0.02831 -0.02715 -0.00167
α — — -0.00353 α — — -0.02292
σ̄2 -0.03404 -0.04452 -0.03803 σ̄2 -0.19010 -0.26072 -0.21966

C: Expected Excess Return D: Variance Risk Premium
Dividend Claim

average 0.06050 0.06767 0.05493 average 0.00960 0.00872 0.01298
const. 0.00843 -0.00349 -0.00349 const. 0.00001 0.00000 0.00000
x 0 0 0 x 0 0 0
σ2 0.05208 0.05009 0.01374 σ2 0.00903 0.00817 0.00000
α — — 0.02930 α — — 0.01223
σ̄2 0 0.02106 0.01537 σ̄2 0.00057 0.00055 0.00075

The table gives the coefficients of the affine functions for the asset pricing moments. For the wealth-

consumption ratio and the price-dividend ratio, the table shows the average value of the respective

moment (based on the stationary means of the state variables), the linearizing constants k0, k1, kd0,

and kd1, and the coefficients A0, A1, Ad0, and Ad1. For the expected excess return on the dividend

claim and the variance risk premium, the table also gives the average and the coefficients. The

state variables are the long-run growth rate x, the current variance σ2, the additional intensity risk

factor α, and the long-run mean reversion level σ̄2 for the variance and the intensity. An entry of ’0’

means that the number is exactly equal to zero. ’DY’ stands for the model presented in Drechsler

and Yaron (2010), ’Extension 1’ denotes the model where the OU process for σ̄2 is replaced by a

square-root specification, ’Extension 2’ is the model where additionally the jump intensity is an

affine function of α instead of σ2.
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Table 4:
Decomposition of Expected Excess Returns on the Dividend Claim

DY

Constant σ2 α σ̄2 Sum

Diffusion
Risk

x 0 1.31 — 0 1.31
σ2 0 0.26 — 0 0.26
σ̄2 1.19 0 — 0 1.19
dividends -0.35 0.04 — 0 -0.31

Sum (diffusion risk) 0.84 1.61 — 0 2.45

Jump
Risk

x 0 1.20 — 0 1.20
σ2 0 2.40 — 0 2.40

Sum (jump risk) 0 3.60 — 0 3.60

Sum (diffusion and jump risk) 0.84 5.21 — 0 6.05

Extension 1

Diffusion
Risk

x 0 1.28 — 0 1.28
σ2 0 0.24 — 0 0.24
σ̄2 0 0 — 2.11 2.11
dividends -0.35 0.04 — 0 -0.31

Sum (diffusion risk) -0.35 1.57 — 2.11 3.32

Jump
Risk

x 0 1.18 — 0 1.18
σ2 0 2.27 — 0 2.27

Sum (jump risk) 0 3.44 — 0 3.44

Sum (diffusion and jump risk) -0.35 5.01 — 2.11 6.77

Extension 2

Diffusion
Risk

x 0 1.33 0 0 1.33
σ2 0 0.00 0 0 0.00
α 0 0 0.13 0 0.13
σ̄2 0 0 0 1.54 1.54
dividends -0.35 0.04 0.00 0.00 -0.31

Sum (diffusion risk) -0.35 1.37 0.13 1.54 2.69

Jump
Risk

x 0 0 1.22 0 1.22
σ2 0 0 0.07 0 0.07
α 0 0 1.51 0 1.51

Sum (jump risk) 0 0 2.80 0 2.80

Sum (diffusion and jump risk) -0.35 1.37 2.93 1.54 5.49

The table gives the decomposition of the expected excess returns on the dividend claim, where we

distinguish between the premia for diffusive risk and the premia for jump risk. The numbers are

stated in percent. The rows give the risk factor which causes the risk premium, while the columns

decompose the premium into a constant part and a linear combination of the state variables. For

example, the row related to the long-run risk factor x in the first panel states the risk premium for

diffusion risk in x is given by 0.0131σ2. ’DY’ stands for the model presented in Drechsler and Yaron

(2010), ’Extension 1’ denotes the model where the OU process for σ̄2 is replaced by a square-root

specification, ’Extension 2’ is the model where additionally the jump intensity is an affine function

of α instead of σ2.
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Table 5:
Decomposition of Variance Risk Premium

DY

Constant σ2 α σ̄2 Sum

Diffusion
Risk

x 0.00 1.47 — 0.06 1.54
σ2 0.00 0.59 — 0.03 0.61
σ̄2 0 0 — 0 0
dividends 0.00 1.06 — 0.05 1.11

Sum (diffusion risk) 0.01 3.11 — 0.14 3.26

Jump
Risk

x 0.01 4.76 — 0.28 5.05
σ2 0.05 82.38 — 5.26 87.69

Sum (jump risk) 0.05 87.14 — 5.54 92.74

Sum (diffusion and jump risk) 0.06 90.25 — 5.68 95.99

Extension 1

Diffusion
Risk

x 0.00 1.40 — 0.07 1.47
σ2 0.00 0.53 — 0.03 0.56
σ̄2 0.00 0 — 0.34 0.34
dividends 0.00 1.04 — 0.05 1.09

Sum (diffusion risk) 0.00 2.97 — 0.48 3.45

Jump
Risk

x 0.00 4.59 — 0.28 4.87
σ2 0.02 74.14 — 4.76 78.92

Sum (jump risk) 0.02 78.73 — 5.04 83.79

Sum (diffusion and jump risk) 0.03 81.70 — 5.51 87.25

Extension 2

Diffusion
Risk

x 0.00 0.01 0.63 0.03 0.67
σ2 0.00 0.00 0.00 0.00 0.00
α 0.00 0 0.23 0.01 0.24
σ̄2 0.00 0 0 0.21 0.21
dividends 0.00 0.01 0.44 0.02 0.47

Sum (diffusion risk) 0.00 0.02 1.30 0.27 1.59

Jump
Risk

x 0.00 0 4.62 0.26 4.88
σ2 0.00 0 0.29 0.02 0.30
α 0.03 0 116.06 6.96 123.06

Sum (jump risk) 0.04 0 120.96 7.24 128.24

Sum (diffusion and jump risk) 0.04 0.02 122.26 7.50 129.83

The table gives the decomposition of the annualized variance risk premium on the dividend claim, where we dis-

tinguish between the premia for diffusive risk and for jump risk. The numbers are multiplied by 10,000, i.e. they

are given in basis points. The rows give the risk factor which causes the variance of the return, while the columns

decompose the premium into a constant part and a linear combination of the state variables. For example, the

row related to the long-run risk factor x in the first panel states that the contribution of diffusion risk in x to

the variance risk premium over the next 30 days is given by 0.00015σ2 + 0.00001σ̄2. ’DY’ stands for the model

presented in Drechsler and Yaron (2010), ’Extension 1’ denotes the model where the OU process for σ̄2 is replaced

by a square-root specification, ’Extension 2’ is the model where additionally the jump intensity is an affine function

of α instead of σ2.
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Figure 1:
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The figure shows the level and the slope of the implied volatility smile for options
on the S&P 500 index over the period from January 1996 to December 2006. The
data are taken from OptionMetrics. ’Level’ is defined as the implied volatility of an
option with 30 days to maturity and a moneyness (defined as strike price divided
by current stock price) of 1. ’Slope’ is defined as the difference between the implied
volatilities of two 30-day options, one with a moneyness of 0.975 and the other one
with a moneyness of 1. The observation frequency is monthly.
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